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INTRODUCTION 

Any  deformation  of  a  solid  R  in  5-space  which  is  not  a 
rigid  motion  is  accompanied  by  "strains",  that  is  by  changes 
in  line-elements.   Let  tv/o  particles  of  the  solid  have  the 
positions  X,Y,  a  distance  XY  apart,  in  its  original  position, 
and  let  x,y  be  the  positions  of  the  same  particles  in  the 
deformed  state,  a  distance  3cy  apart.   The  non- rigidity  of  the 
deformation  is  then  measured  by  the  amount  the  quotient 

3E^/>rY  =  Q(X,Y) 

differs  from  1  for  any  X,Y  in  R.   The  state  of  strain  of  the 
solid  due  to  the  deformation  is  measured  by  the  deviation  from  1 
of  the  same  quotient,  only  formed  for  "neighboring"  points  X,Y. 
More  precisely  we  define 

M  =  sup    Tlin   Q(X,Y)  ,   m  =  inf    Tilii   Q(X,Y)   ; 
X  €  R   Y->X  X  e  R   Y— >X 

then  the  amci-ints  by  which  M  and  m  differ  from  1  give  us  a  measure 
for  the  maximum  strain  accompanying  the  deformation. 

The  present  paper  is  concerned  with  the  range  of  values 
Q(X,Y)  can  assume  for  arbitrary  deformations  of  a  solid  occupying 
a  region  R  in  the  undeforraed  state,  if  the  values  m,M  which 
limit  the  strains,  are  prescribed.   We  restrict  ourselves  here 
to  deformations  that  locally  are  homeomorphisms.  We  call 
mappings  of  R  for  which  the  quantities  M  and  m  have  finite 
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positive  values  "quasi-isometric",  and  more  precisely 
(m, M) -isometric .   In  one-oimensional  space  the  quasi-conformal 
mappings  of  an  interval  are  the  Lipschitz-continuous  mappj.ngs 
with  a  Lipschitz-continuous  inverse.   Here  we  always  have 
m  =  Q(X,Y)  =  M  ,  which  is  essentially  the  statement  of  the  mean 
value  theorem  of  calculus.   In  higher,  dimensions  Q  does  not  have 
to  lie  at  all  between  m   and  M,  and  correspondingly  large  defor- 
mations can  be  compatible  with  small  strains.   VJhat  limitations 
there  are  on  the  values  Q  depends  completely  on  the  shape  of  R. 
If  R  is  convex  we  are  at  least  sure  that  Q(X,Y)  ^  M  (Cf.  Lemma  I), 
essentially  by  virtue  of  the  triangle  inequality.   But  it  is  not 
true,  even  for  convex  R,  that  Q(X,Y)  ^  m  has  to  be  satisfied. 
Still,  some  positive  lower  bounds  for  Q  can  be  found.   VJhat  they 
are  depends  on  how  "bulky"  the  solid  and  how  large  the  strains. 
The  ends  of  a  thin  rod  can  be  brought  together  by  deformations 
involving  only  small  strains,  but  a  bulky  solid  has  "stiffness" 
in  the  sense  that  any  relative  change  in  distance  of  two  points 


1.   The  term  "quasi-isometric"  (used  incidentally  in  a  dif f erent _ 
sense  by  other  authors)  is  chosen  in  analogy  to  'quasi-conformal", 
which,  subject  to  appropriate  regularity  conditions,  would  be 
defined  by  the  requirement  that 


lim   Q{X,Y) 
sup  Y->X 


^^  R  lim   Q(X,Y) 

Y-^X 

has  a  finite  value.   A  quasi-isometric  mapping  also  is  quasi- 
conformal. 
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is  accompanied  necessarily  by  strains  of  roughly  the  same  order 
of  magnitude.    This  at  least  is  the  case  for  sufficiently  small 
strains.   If  strains  are  increased  slowly  a  (not  sharply  defined) 
point  will  be  reached  where  the  relative  changes  in  distance  can 
become  very  large  compared  to  the  maximum  strains.   For  convex 
bodies  this  occurs  when  the  strains  are  of  the  size  of  the 
square  of  the  thiclcness  length  ratio.   (Cf.  theorem  X).   It  is 
plausible  that  the  order  of  magnitude  of  strains  at  which  the 
solid  loses  its  stiffness  is  the  same  as  that  at  which  buckling 
can  occur.   At  least  the  possibility  of  obtaining  large  defor- 
mations for  relatively  small  strains  and,  hence,  relatively 
small  strain  energy,  should  enhance  the  possibility  of  having 
a  variety  of  equilibrium  states.   The  precise  strains  or  stresses 
needed  to  produce  buckling  depend,  of  course,  on  material  con- 
stants and  the  precise  ways  loads  are  applied;  but  purely  kine- 
matic considerations  of  the  type  pursued  here  might  give  correct 
orders  of  magnitude.   For  Euler's  Elastica,  for  example,  one 
easily  convinces  oneself  by  dimensional  arguments  that  indeed 
the  strains  accompanying  buckling  are  of  the  order  of  the  square 
of  the  thickness  length  ratio. 

For  the  results  discussed  in  the  present  paper  the  number 
of  dimensions,  as  soon  as  it  exceeds  1,  is  unessential.   For  that 
reason  everything  is  proved  for  quasi-isometric  mappings  in 
Hilbert-space,  and  in  the  beginning  more  generally  in  Banach 


1.   We  are  concerned  here  only  v;ith  stiffness  due  to  sheer  bulk 
of  a  solid.   The  much  more  subtle  phenomenon  of  stiffness  in  thin 
closed  shells,  is  not  considered. 
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space.   A  few  of  the  theorems  (notably  theorem  IV)  had  been 
given  by  the  author  in  earlier  papers  (Cf.  [  ^1  ]  ,  [5  ])  for 
the  case  of  eucliclean  space.   Modified  proofs  appear  here,  not 
making  use  of  compactness  or  of  linear  approximations.   Though 
the  results  apply  to  mappings  of  regions  in  Hilbert  spaces  the 
actual  arguments  used  lean  heavily  on  plane  geometry  of  circles, 
ellipses  and  convex  sets  in  general,  as  the  reader  will  gather 
from  the  accompanying  figures. 

The  results  given  here  can  be  looked  at  as  multi-dimensional 
versions  of  the  mean- value  theorem  of  differential  calculus.   The 
quantities  M  and  m  are  upper  and  lower  bounds  of  Q(X,Y)  for  Y 
differing  only  infinitesimally  from  X.  The  first  step  taken 
(Cf.  theorems  I, II)  is  to  show  that  they  actually  also  are  upper 
and  lower  bounds  of  Q(X,Y)  for  X  and  Y  a  finite  distance  apart, 
provided  X  and  Y  are  sufficiently  far  removed  from  the  boundary 
of  the  domain  of  the  mapping.   It  is  sufficient  that  X  and  Y 

belong  to  a  ball  of  radius  p  which  is  such  that  the  concentric 

M 
ball  of  radius  —  p   lies  in  R.   This  implies  that  in  the  case 

that  the  domain  of  the  quasi-isometric  mapping  is  the  whole 
space  that  Q(X,Y)  lies  between  m  and  M  for  all  X,Y.   It  also 
shows  that  in  the  case  of  an  isometric  mapping  (m=M=l)  the  dis- 
tance of  any  two  points  X,Y  is  preserved  in  the  mapping,  provided 
X  and  Y  belong  to  one  and  the  same  ball  contained  in  the  domain  R. 
Using  a  result  of  Mazur  and  Ulam  one  finds  that  a  mapping  f  of  a 
connected  set  R  in  Banach  space  that  is  locally  a  homeomorphism 
and  for  which 


VT 


.iJ:H  i'il 


3S     Sfi, 


.>      ...[^' 


'■  r.j 


■  j-  :<■  f;f^,"V  ■^'t'^X  ;' 


■:  '>  '(-t  't'^   /'"^ !: 


iie-:- 


frr    -    ■ 


y  X  ^n/ 


■'1     I  '3iij     J 


iiJO     X      -•liii    X 


lim    il(Y)zil(l)l  =  1   for  all  X  in  R 
Y-^X     |Y-X| 

is  affine  and  distance  preserving  (Cf.  theorem  III). 

We  have  generally  two  types  of  statements  about  the  quotient 
Q(X,Y)  when  the  upper  and  lower  bounds  M,m  of  Q,(X,Y)  for  Y-->X  are 
given.   The  first  type  of  statement  gives  conditions  on  X  and  Y 
which  assure  that  m  ^  Q(X,Y)  =  M.   The  second  kind  of  statement 
gives  bounds  for  Q(X,Y)  valid  for  all  X,Y  in  R.   Theorem  IV  is 
of  the  first  type.   It  assures  us  that  m  S  Q(X,Y)  =  M  if  the 
ellipsoid  of  revolution  of  foci  X,Y  and  eccentricity  m/M  lies  in 
the  domain  R.   The  main  use  made  of  this  theorem  and  of  its 
refinement  theorem  VI  is  to  obtain  upper  and  lower  bounds  for 
Q(X,Y)  for  axiY   X;,Y  in  R,  in  case  R  is  a  ball  in  Hilbert-space. 
It  turns  out  in  particular;  any  (m,M) -isometric  mapping  of  a  ball 
in  Hilbert-space  is  invertible  when  M/m  <  ••/2~   .      Here,  as  else- 
where in  this  paper,  no  "best"  results  are  obtained.   In  many 
cases  estimates  derived  here  give  the  correct  order  of  magnitude 
of  quantities  but  v;ith  constant  factors  that  are  unrealistically 
poor.   There  must  be  a  largest  universal  constant  7   such  that 
(m,M) -isometric  mappings  of  balls  with  M/ra  <  7  are  invertible. 
It  is  proved  here  that  this  largest  constant  7  is  not  smaller 
than  y2~ .      Counterexamples  show  that  it  cannot  exceed  the  value 
2.   It  would"  be  of  interest  to  find  the  best  constant,  even  for 
mappings  of  a  disk  in  the  plane,  or  even  for  conformal  mappings. 
For  conformal  mappings  the  question  would  be  to  find  the  largest 
7  with  the  property  that  every  conformal  mapping  f  of  a  disk 
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is  invertible.   More  generally  any  (m^M) -isometric  mapping  of 
a  convex  set  R  is  invertible,  if  only  M/m  is  sufficiently  close 
to  1,  (the  required  degree  of  closeness  depending  on  the  shape 
of  R;  (Cf.  Corollary  I.X) . 

Of  special  interest  are  the  regions  R  (called  here 
"spheroids")  that  can  be  mapped  quasi-isometrically  and  bi- 
uniquely  onto  balls.   (For  exarnple^  regions  in  euclidean  space 
that  can  be  mapped  bi-uniquely  on  a  ball  by  a  mapping  that  has 
continuous  first  derivatives  and  a  Jacobian  bounded  away  from 
zero.)   It  is  shown  here  that  all  open  convex  sets,  and  more 
generally  all  sets  that  are  starshaped  from  all  points  of  some 
ball,  are  spheroids.   (Cf.  Theorem  VIII). 

The  last  theorems  taken  up  deal  vjith  bounds  for  Q(X,Y)  in 
the  case  of  an  (m,M) -isometric  mapping  of  a  convex  set  R  in 
Hilbert-space.   The  problem  is  to  get  quantitative  information 
on  the  "stiffness"  of  such  sets  (which  also  could  be  called 
"lack  of  flexibility").   First  a  measure  for  the  stiffness  of  R 
with  respect  to  two  chosen  points  X,Y  of  R  is  defined.  One  takes 
the  extreme  values  M'  and  m'  of  Q(X,Y)  for  all  possible  (ra,M)- 
isometric  mappings  of  R,  puts  M/m  =  (1+e)   ,  M'/m'  =  (1+e' )   , 
and  defines  the  stiffness  of  R  with  respect  to  the  points  X,Y 
for  given  e  by  s(e,R,X,Y)  =  e/e'  .  The  stiffness  of  R  for  maxi- 
mum strain  e  is  then  s(£,R)  =  inf  s(e,R,X,Y)  for  X,Y  ranging 
over  R. 
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The  stiffness  depends  on  the  shape  of  R.   The  only  shape- 
factor  that  will  be  taken  into  account  is  the  ratio  a/p  of  the 
radii  of  an  inscribed  and  concentric  circumscribed  sphere, 
which  in  euclidean  space  is  also  a  measure  for  the  "thiclaiess- 
length  ratio"  of  R.   Stiffness  ranges  from  the  value  1  dovm  to 
zero.   It  is  likely  to  decrease  with  increasing  maximum  strain  e. 
For  two  given  points  X^Y  of  an  open  convex  set  R  the  stiffness 
s(e,R,X,Y)  alvfays  has  the  value  1  when  e  is  sufficiently  small. 
However,  for  a  bounded  open  convex  set  R  and  any  positive  e  we 
can  always  find  points  X,Y  for  which  s(e,R;X,Y)  <  1,  that  is 
s(£,R)  <  1  for  £  >  0.   (If  R  is  the  whole  space  then  s{£,R)  -   1 
for  all  £.)   Moreover  for  bounded  open  convex  R  the  stiffness 
has  the  value  zero  as  soon  as  the  maximum  strain  e  exceeds  the 
universal  value  '^  -   1  ;  that  is  for  M/m  >  2  we  can  construct 
(m,M) -isometric  mappings  that  are  not  uni valued  in  R.  It  is  likely 
that  for  convex  R  the  stiffness  s(£,R)  is  close  to  1  for  all 
sufficiently  small  £  (for  non-convex  R  the  stiffness  s(e,R)  is 
less  than  1,  even  for  arbitrarily  small  £).   Only  a  weaker 
result  is  proved  here,  namely  that  s(£,R)  has  at  least  the  value 
1/2  for  sufficiently'-  small  £  ,  more  precisely  for  £  <<  P  /a  . 
(Theorem  X  and  Corollary  X) 
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I.   Quasi-isometric  mappings  in  Banach  space. 

1.   Regular  mappings. 

We  consider  a  Banach  space  B  with  elements  X,Y, ...  and 
another  one,  b,  v/ith  elements  x,y,  ...  .   Let  x=f  (X)  be  a  mapping 
whose  domain  is  an  open  set  R  in  the  space  B  and  whose  range  lies 
in  the  space  b  . 

The  mapping  f  will  be  called  regular  if  it  is  locally  a 
homeomorphism.   More  precisely  we  define  f  to  be  regular  if 
the  following  conditions  are  satisfied: 
la)   f  is  continuous  in  R. 

lb)   f  is  open,  i.e.  maps  open  subsets  of  R  into  open  sets. 
Ic )   f  is  locally  one-one,  i.e.  for  every  X  £1  R  there  is  a 

neighbourhood  of  X  contained  in  R  with  the  property  that 

distinct  points  in  that  neighbourhood  are  mapped  by  f 

into  distinct  points. 

A  mapping  X  =  G(x)  whose  domain  is  a  set  d  in  the  space  b 
and  whose  range  lies  in  the  set  R  is  called  an  inverse  of  f,  if 

1)  G  is  continuous  in  d 

2)  f(G(x))  =  X  for  all  x  in  d. 

Regular  mappings  have  local  inverses,  as  is  proved  easily; 
If  X°C  R  and  x°  =  f(X°)  there  exists  an  inverse  G(x)  of  f  defined 
in  a  neighbourhood  of  x°  which  has  the  property  that  G(x°)  =  X°. 
Inverses  have  continuation  properties  similar  to  analytic 


1.   In  the  special  case  where  both  spaces  B  and  b  are  of  the 
same  finite  dimension  conditions  la)  and  Ic )  already  imply  lb) 
by  the  Invariance  of  domain  theorem. 
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functions.   In  particular  we  can  continue  them  along  rays  from 
a  point  x°.   One  verifies  easily  the  following  propositions: 
Let  X^  be  a  point  of  R  and  x°   =  f(X°).   We  consider  a  "ray"  r 
from  x°,  i.e.  a  set  of  points  x   b  of  the  form 

X  =  x°  +  Ay 

where  y  is  a  fixed  non-vanishing  element  of  b,   and  A  runs  through 

all  non-negative  real  numbers.   We  denote  for  any  positive  number 

\i   fas'-  r  the  subset  of  r  of  points  x=x°+Ay  with  parameter  values  A 
\^ 

satisfying  0  ^  A  <  |a  .  For  p,  =  cd  we  still  define  r  =  r  .  We 
consider  inverses  G  of  f  defined  on  sets  r  for  which  G(x°)  =  X°. 
There  exist  such  inverses  for  \i   sufficiently  small.   Moreover 

all  such  inverses  are  restricts ons  to  r  of  one  and  the  same 

I-L  


global  inverse  which  we  shall  call  f~  (x)  and  vjhich  has  as  its 

X° 

domain  a  set  r  v.here  p  is  the  largest  possible  [x    (possibly 

infinite).   If^  Y  =  lim   f~  (x°+Ay)   exists  at  all  it  must  be 

A-^p    X° 

a  boundary  point  of  R.   The  mapping  f~  can  be  continued  into  a 
neighbourhood  in  b  of  any  compact  subset  of  r  ,  i.e.  for  any  \x 
with  0  <  [1  <  p  there  exists  a  positive  6  and  an  inverse  G(x)  of  f 
defined  in  the  set 

sx:   lx-x°-Ay|  <  6   for  some  A  v/ith  0  g  A  ^  \x\ 

such  that  G(x)  =  f'JCx)   for  x  G  r  . 

X 

VJe  can  then  associate  with  every  point  X^  6:  R  a  unique 

inverse  f~  (x)  defined  in  a  star-shaped  region  as  follows: 
^o 

Let  X  =  f(X  ).   For  every  y  'S'  b  with  lyl=l  we  consider  the  ray  r 
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of  points  x=x°+Ay  \-jith  A   ^   0.      We   take   the  global   inverse   f~ 

defined  along  the  ray  for  0  i  A  <  p   (where  p  depenas  on  y).   The 

union  of  all  the  sets  r  for  varying  unit  vectors  y  forms  the 

star  s  ^  with  the  vertex  x  .   This  star  is  an  open  set.   Each 

point  X  of  s   lies  on  a  certain  r„  in  which  there  is  defined  a 
X°  P 

value  of  f~   (x)o   In  this  way  we  have  defined  uniquely  a  mapping 
X° 

f~   (x)  which  turns  out  to  be  continuous  in  s   ,  and  is  an 

X°  X° 

inverse  of  f  with  domain  s   with  the  property  that  f~   (x°)  =  X°. 

X°  X° 

Let  there  be  given  an  arc  |   in  R,  that  is  a  set  of  points 
X  =  H ( A )  where  H  is  a  continuous  function  defined  on  an  interval 
0  ^  A  $  a  .   Let  H(0)  =  X°.   If  then  the  image  flP)  lies  com- 
pletely in  the  star  s   ,  i.e.  if  f ( H ( A ) )  €  s  ^  for  0  ^  A  i  a  , 

X  X 

then 


f'J;  (f(X))  =  X 
X° 

for  all  X  £   P. 

We  also  observe  that  because  of  the  uniqueness  of  continu- 
ation of  inverses  along  rays  any  two  inverses  of  f  defined  in  a 
convex  set  agree  in  all  points  of  the  set  if  they  agree  in  a 
single  point. 

2.   Definition  of  quasi-isometric  mappings. 

A  mapping  x=  f(X)  defined  in  the  open  set  R  is  called 
quasi- isometric  (more  precisely  (m,M) -isometric)  if  it  is  regular 
and  if  there  exist  positive  finite  numbers  m  ana  M  such  that  for 
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all  X  in  R 

Ila)  liin 

Y— >X 


f(Y)-f(X)l    <  „ 
TyZxT —   =  ^' 


lib)  ■   lim    i^%-|-P^   ^  n. 


Y-^X 


Y-X 


The  conditions  Ia,b,c)  and  IIa,b)  are  not  completely 
independent.   Condition  Ila)  alone  implies  already  the  continuity 
of  f  in  R. 

It  is  clear  that  any  inverse  of  an  (m,M) -isometric  mapping 

defined  in  an  open  set  is  again  quasi-isometric,  and  more 

/  -1  -"■  \ 
precisely  is  (M  ,m   ) -isometric. 

5.   Examples  of  quasi-isometric  mappings. 

A  particular  type  of  quasi-isometric  mappings  that  has 
received  attention  (see  R.  Nevanlinna  [l])  are  those  of  the  form 

(3.1)  f(X)  =  X  -  g(X) 

where  the  domain  of  g  is  an  open  set  R  in  the  space  B,  the  range 
of  g  is  also  in  B^,  and  where  it  is  assumed  that  there  exists  a 
constant  q  <  1  such  that  for  each  X  in  R 

(3.2)  IS    i^'y'-s'^'i   i  1 

Y-^X       l^--^l 

The  mapping  f  can  then  be  shown  to  be  (l-q, 1+q) -isometric . 

Other  quasi-isometric  mappings  are  those  f(X)  that  at  each 
point  in  R  have  a  Frechet  derivative  f'(X),  which  depends  con- 
tinuously on  X,  has  an  inverse  (f'(X))"   and  is  such  that  for 
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all  X  €  R 

(3.)  |f(X)|  1  M  ,   If  (X))-^l  i  ^  . 

(here  the  norms  of  f  and  of  its  reciprocal  are  defined  as  usual 
for  linear  operators).   In  the  special  case  where  B  and  b  are  of 
the  same  finite  dimension  n  and  the  mapping  function  has  con- 
tinuous derivatives  the  matrix  f ' (X)  is  just  the  Jacobian  matrix 
of  the  mapping.   If  here  B  and  b  are  referred  to  the  ordinary 
euclidean  distance  then  necessary  and  sufficient  for  the  mapping 

f  to  be  (m,M) -isometric  is  that  each  eigenvalue  A  of  the 

T  2         2 

symmetric  matrix  f  f  satisfies  m  ^  A  5  M  .   The  existence 

?         2 
almost  everywhere  of  a  derivative  f '  with  m~  ^  X  S  M   is 

necessary  for  an  (m,M) -isometric  mapping  of  euclidean  space. 

Differentiable  quasi-isometric  mappings  are  always  quasi- 
conformal  in  the  sense  that  they  take  infinitesimal  spheres  into 
infinitesimal  ellipsoids  of  bounded  eccentricity.  Differenti- 
ability is  however  not  at  all  necessary  for  a  quasi-isometric 
mapping.  For  example  continuous  piecewise  linear  mappings  that 
do  not  differ  too  much  from  the  identity  are  quasi-isometric. 

Simple  examples  of  quasi-isometric  mappings  are  furnished 
by  conformal  mappings  in  the  plane.   If  F(Z)  =  F(X+iY)  is  an 
analytic  function  of  the  single  complex  variable  Z  =  X  +  iY  then 
the  mapping  is  (m,M) -isometric  if 

m  ^  |P' (Z)|  ^  M 


1.   This  follov/s  from  the  theorem  of  Rademacher  [$]   about 
differentiability  almost  everywhere  of  Lipschitz  continuous 
functions. 
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(I'jhere  we  assume,    as   alvjays,    that   0  <  m  ^  M  <  co  )  . 

k.      Rigidity  of  quasi-isometric  mappings. 

A  mapping  x  =  f (X)  defined  in  a  set  in  B  will  be  called 
(m,M) -rigid,  if  for  any  two  points  X,Y  of  the  set  the 
inequalities  • 
(4.1)  m|Y-X|  ^  lf(Y)-f(X)|  1  M|Y-X| 

are  satisfied. 

If  B  and  b  are  one-dimensional  euclidean  spaces  the  (m,M)- 
isoraetric  mappings  f  of  an  open  interval  are  also  (m,M) -rigid. 
For  differentiable  f  this  is  immediate  from  the  mean  value 
theorem  of  differential  calculus.   For  others  it  follows  by 
applying  lemma  I  below  to  f  and  to  its  inverse,  which  also  has 
an  interval  as  its  domain. 

In  two  dimensions  already  the  notions  of  {m,M)-isometry  and 
(m,M) -rigidity  diverge  from  each  other.   Thus  the  conforraal 
mapping  z  =  e  is  (1, 2) -isometric  in  the  strip 

0  <  Re{Z)  <  log  2 
but  for  Z-,  =  "I  log  2  +  TTi  ,  ^2  "^  2  ^°^   2  -  ttI  we  have 

^   ^   =  0  <  1  . 


TV"Z2 

Here  v/e  shall  be  interested  in  finding  subsets  of  the 
domain  R  of  an  (m,M) -isometric  mapping,  in  which  the  mapping  is 
also  (m,M) -rigid.   In  a  sense  this  is  a  question  of  generalizing 
the  mean  value  theorem  of  differential  calculus  to  higher 


•?rf.t 


dimensions.   The  quantity  | f (Y)-f (X) |/1 Y-X|  plays  the  role  of 
the  absolute  value  of  the  difference  quotient.   We  try  to  bound 
it  from  above  and  below  by  upper  and  lower  bounds  for  the 
"derivative"  at  points  of  the  region. 

The  main  tool  here  is  a  lemma  that  essentially  shows 
the  upper  bounds  of  difference  quotients  and  derivatives  in 
convex  sets  to  be  identical: 

Lemma  I:   Let  x  =  f(X)  be  a  mapping  whose  domain  is  a  convex 
set  R  in  a  Banach  space  B  and  whose  rejige  lies  in  a  Banach 
space  b  . 

Let  for  each  X  in  R 


S  M 


(4.2)                                lim 

Y-^X 
Y£R 

Y-X 

Then  for  any  X,Y  in  R 

lf(Y)-f(X)|  ^  MlY-X|  .  ^ 

Proof:   Let  X,Y  be  two  points  of  R.  Then  the  points 

Z^  =  (1-A)X+  AY 

belong  to  R  for  0  ^  A  S  1 .  We  have  in  0(X)  =  f(Z^)  = 
f((l-7v)X+ AY)  a  function  that  maps  the  interval  0  1  A  1  1  into 
the  space  b  and  satisfies  for  arguirients  in  that  interval  the 


1.  We  do  not  assiome  here  that  the  mapping  is  regular  or  that  R 
is  open. 

2.  A  proof  of  this  lemma  is  given  by  R,  Nevanlinna  [  8  ].   A 
closely  related  statement  is  proved  by  A.  K.  Aziz  and  J.  B.  Diaz 
[1]. 
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relation 

(4.M  H^T  MMz^iiLll      <     MlY-X|    =   7 

It  follows   that  ;25(A)    is   continuous   in  the   closed  interval.      VJe 
want  to  prove  that 

mi)-fAO)\    ^   7    . 

If  that  were  not  the  case  there  would  exist  a  positive  e  such 

that 

(^.5)  |i2)(l)-^(0)|  >  (l+e)7  . 

We  consider  the  set  T^  ^^  values  A  with  0  <  A  ^  1  for  which 

1^{A)-JZ5(0)|  >  (1+£)7A  . 

By  (^.5)  ^  contains  the  point  A  =  1,   By  (^.3)  the  points  A 
sufficiently  clOGt  to  0  do  not  belong  to  T]]  .   Hence 

p.  =  inf   A 
Ae]~ 

satisfies  0  <  [j.  =  1.   By  continuity  of  the  function  j25(A)  the 
point  M-  does  not  belong  to  ^  ,  that  is 

\^{\i)-0{O)\    ^   (1+£)7H  . 

But  then  we  have  by  (4.3)  for  all  A  sufficiently  close  to  \x   and 
greater  than  \i 

ij^(A)-^(0)|  ±    10(A}-0(tx)|  +  |i^(n)-jZ5(0)| 

^  (H-e)(A-ia)7  +  (l+e)7|J-  =  (H-e)7A. 
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Hence  |a  cannot  be  the  greatest  lower  bound  of  2Z  >    ^-unle^ss  |j.  =  1, 
in  which  case  Y"  is  empty. 


5.   Rigidity  of  mappings  of  balls. 
Theorem  I. 


Let  X  =  f(X)  be  (m,M)-isometric  in  the  open  set  R.  Let  X° 
be  a  point  of  R  and  p  its  distance  from  the  boundary  of  R  (that 
is  p  =  infiY-X°l  for  Y  €  R) .      Let  x°  =  f(X°).   Then  the  star  s 


X° 
contains  the  ba.ll  |  x-x  |  <  mp.   In  other  words:  If  the  ball  of 

radius  p  and  center  X°  is  contained  in  R  then  f  has  a  univalued 

inverse  f~  mapping  f{X°)  into  X  at  least  in  the  ball  of 

radius  mp  about  f(X°).   Or  again:  If  the  regular  mapping  f 

magnifies  infinitesimal  balls  at  least  m-fold  in  all  directions 

then  it  also  magnifies  balls  in  R  of  finite  radius  at  least 

m-fold  in  all  directions. 

Proof: 

Let  along  a  ray  x  =  x  +  Ay  (where  |y|  =1,  A  =  0)  from 

X  the  points  with  0  =  A  <  p.  be  those  belonging  to  the  star  s   . 

These  points  form  the  subset  r  of  the  ray.   On  r  we  have 

defined  the  inverse  f"^  of  f.  Since  f'~^    (x)  is  (M'  ,m"  )- 

X°  X° 

isometric  in  s   and  r  is  a  convex  subset  of  s  ^  we  have  by 

^o                 \x  X° 

lemma  I  ,  p.7 


(5.1)  |f--^(x)-f--^(y)l  1  m-^|x-y| 


1.   For  the  special  mappings  of  the  form  (3.1),  (3 .2)  the  theorem 
is  proved  (with  a  more  precise  estimate)  by  Nevanlinna  [8]. 
Related  theorems  are  given  by  E.  H.  Zarantonello  [  10  ],  G.  Minty 
[7],  and  F.  E.  Brov;der  [3  J. 
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for  any  two  points  x,y  of  r  .   It  follovjs  then  from  the 
completeness  of  the  space  B  that  in  case  \i   is  finite 

(5.2)  lim   f"i  (x°+Ay)  =  Z 

exists.   Here  Z  can  only  be  a  boundary  point  of  R,  since  other- 
wise f"  could  be  continued  along  the  ray  beyond  the  point 
X° 

X  +  M-y.   Hence  lZ-X°l  t   p.  The  inequality  (5.1)  yields  for 

"^         o 
y  =  X  and  x  =  x  +  Ay  with  0  <  A  <  ^l 

lf"^(x'^S-Ay)  -X°|  1  m"^A  . 


Hence  also  by  (5' 2) 


|Z-X°1  1  m'V 


and  consequently  p  ^  m~  \i  .     Thus  along  each  ray  from  x  the 

inverse  f~   can  be  continued  at  least  a  distance  mp  which  was 
X° 

to  be  proved. 

Theorem  II: 

If  f(X)  is  (m>M)-isometric  in  the  ball  |X-X°|  <  p  ,  then 
f(X)  is  (m,M)-rigid  (that  is  (3.1)  holds)  in  the  concentric  ball 
|X-X°1  <|p  . 

Proof: 

Since  the  ball  |X-X°1  <  p  is  convex  we  obtain  immediately 
from  Lemma  I  that 

(5.3)  lf(Y)-f(X)|  i  MlY-X| 

for  any  X,Y  in  the  v/hole   ball  of   radius   p.      In  order  to  prove 
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the  remaining  inequality  we  observe  that  by  theorem  I  we  have 
in  f~   (x)   an  (M~  ^m"  ) -isometric  mapping  defined  in  the  ball 

\x-x    I  <  m-p  ,  where  x  =  f(X  ).  Applying  (5o)  to  that  mapping 

we  find  that 

(5.^1)  lf-^(x)-f-l(y)|  1  m-^|x-y| 

for  x,y  in  the  ball  of  radius  mp  about  x  .   Moreover  by  theorem  I 
applied  to  f~^  this  function  maps  the  ball  |x-x°|  <  mp  onto  a 

-v-O 

''  O       -1 

set  in  B  containing  the  ball  j X-X  \    <   M  mp .   Let  then  X,y  be 

any  points  in  the  ball  1 X-X  |  <  M~  mp  •   It  is  then  possible  to 

represent  X  and  Y  in  the  form  X  =  f~   (x)  ^  Y  =  f~   (y)   vjhere 

X°  X° 

1 x-x  1  <  mp  ,  ly-x  I  <  mp  .   By  aefinition  of  inverse  we  have 
then  f(X)  =  X,  f(Y)  =  y  .   It  follows  then  from  (5.^:)  that 

|X-Y|  ^  m"^if(X)-f(Y)l  , 

which  completes  the  proof. 

Corollary  I.   An  (m,M) -isometric  mapping  of  the  whole  space  is 
a  homecmorphism  between  the  Banach  spaces  B  and  b^  and  is, 
moreover,  (m,M) -rigid  everywhere. 

Proof:   If  the  domain  R  of  f  is  the  whole  space  B  we  have  from 
theorem  II  for  p  — >ao  that  f  is  (m,Mj-rigid  everywhere.   In 
particular  if(Y)-f{X)|  ^  0  for   lY-X|  ^   0,  i.e.  the  mapping  f 
is  one-one.   By  theorem  I  the  range  of  f  contains  arbitrarily 
large  balls  about  one  of  its  points,  and  hence  is  the  whole 
space  b. 


LI 
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12 
Corollary  II.   If  the  mapping  f(X)  has  a  continuous  derivative 
f ' (X)  in  the  ball  lX-X^|  <  p  ,  and  if  for  all  X  in  the  ball  f 
has  an  inverse  satisfying  |  (f '  )'  i  =  m  >  0;,   then  f  has  an 
inverse  f"^(x)  for  lx-f(X°)l  <  mp  . 

5*.   Isometric  m,appings. 

We  call  a  mapping  x  =  f(X)  isometric,  if  it  is  (1,1)- 

isometric,  i.e.  if  f  is  regular  in  an  open  set  R  and  satisfies  at 

each  point  X  of  R 

(.*       ^                                 Hirn            lf(Y)-f(X)|       _    T 
(5*.  a.)  IXm r— -| 1    . 

Similarly  we  call  the  mapping  f (X)  rigid  in  a  set,  if  it  is 
(1,1) -rigid,  or  distance  preserving,  that  is  if 

(5*. 2)  lf(Y)-f(X)|  =  lY-X| 

for  any  X,Y  of  the  set. 

Given  any  ball  lX-X°|  <  p  contained  in  the  domain  of  an 
isometric  mapping  f  it  follows  from  theorems  I,  II  that  f  maps 
the  ball  one-one  and  rigidly  onto  the  ball  lx-f(X  )|  <  p  . 

A  theorem  of  Mazur  and  Ulam  [  6  ]   asserts  (in  our  termi- 
nology) that  a  rigid  homeomorphism  f  between  two  Banach  spaces  B 
and  b  is  affine  ("linear"  within  a  translation),  that  is  we  have 

(5^=-.3>)  f((l-A)X+AY)  =  (l-A)f(X)+Af(Y) 

for  any  points  X,Y  in  B  and  any  real  /\  . 


1.   See  also  Banach  [2],  pp.  166-8. 
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From  this  we  easily  prove: 
Theorem  III. 

If  f(X)  is  isometric  (in  the  sense  used  here)  in  an  open 
connected  set  R  then  f  coincides  in  R  with  an  affine  rigid 
mapping  of  the  whole  space. 

Proof:   The  key  point  in  the  proof  of  Mazur  and  Ulam  is  the 

2  1 

characterization  of  the  "midpoint"  T  =  — (X+Y)  of  two  points  X,Y 

in  Banach  space  purely  in  terms  of  distances.   One  defines 

recursively  the  sets  y~ ^   by 


^^=  (Z:  iZ-Xl  ^||X-Y|)  ,   lZ-Y|  ^|1Y-X|) 


T"  =  (Z:  Z  e  V;    ,  lZ-U|  t   2^~^iY-Xl  for  all  U  e  5" 
n  — n-1  ^—  n-1 

One  verifies  by  induction  that  each  set  V"   contains  the  point 

—  n 

T  and  is  symmetric  v;ith  respect  to  T  (that  is,  contains  with 

any  Z  also  Z'  =  2T-Z).   Since  then  also  lZ-T|  i  2"^|Y-X|  for 

all  Z  €  5~"   the  midpoint  T  of  X  and  Y  is  characterized  uniquely 
—  n 

as  the  point  comjnon  to  all  sets  Y"  .   We  notice  that  all  the 


sets  2_   ^°^  n=l,2, ...  lie  in  the  ball  with  diameter  XY,  that  is 

^  1 

the  ball  |Z-T|  1  -^^JY-Xl,  and  that  in  constructing  y~   we  could 

'^  n 

restrict  ourselves  to  points  of  that  ball,  and  only  make  use  of 

distances  betv/een  points  of  that  ball. 

Let  now  T  be  a  point  of  the  domain  R  of  our  isometric 

mapping  f,  and  let  R  contain  a  p-neighborhood  of  T.   Let  t=f(T). 

Then  f  maps  the  ball  |Z-Ti  <  p  one-one  rigidly  onto  the  ball 

|z-t|  <  p  .   Let  X  be  a  point  of  lX-T|  <  t-  ,  and  Y  the  symmetric 

2.   Here  slightly  modified. 
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point  with  respect  to  T  ,  that  is  Y  =  2T  -X.   Let  x=f(X), 
y=f{Y).   Then  |x-tl  =  JX-TJ  <  |  , 

ly-tl    =    lY-Tl    <f  ,       l-?±^-   t|    <f  ,       l^^l    <|p    . 

Thus  the  ball  v;ith  diameter  x,y  is  contained  in  the  ball 
Iz-tl  <  p  .  Hence  the  sets  3~   constructed  successively  from 
the  points  X,Y  will  have  as  images  exactly  the  corresponding  sets 
constructed  from  x  and  y.   It  follows  that  f (T)  =  ■2(x+y)  . 

Let  now  U  and  V  be  points  with  [U-TJ  <  -^  ,  IV-Ti  <  -^  .   Then 
the  ball  of  radius  ^JV-UJ  about  the  midpoint  of  U  and  V  lies  in  R. 
It  follov;s  that 

This  relation  holds  for  any  U,V  in  a  -^-neighbourhood  of  T.   By 
continuity  of  f  -chen  more  generally 

(5*. 4)  f(AU-!-iiV)  =  Af(U)-Hif(V)  for  A+p.  =  1,  A  S  0,  |a  ^  0  . 

One  easily  convinces  oneself  that  f  in  a  neighbourhood  of  T 
coincides  with  an  affine  mapping  g(X)  defined  in  the  whole  space. 
Indeed  the  mapping  g(Z)  can  be  defined  for  all  Z  by 

g(T)  =  f(T) 

and 

g{Z)  =  f(T)  +  |lZ-Tl(f(T   ^[P_^|  (Z-T))-f(T))  for  Z  7^  T. 

Here  g(Z)  =  f(Z)  for  lZ-T|  1  ^  by  i^*.k).  The  mapping  g  is  rigid 
everywhere,  since  it  is  affine  and  coincides  with  a  rigid  mapping 
in  a  neighbourhood  of  T. 
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We  see  that  f  in  a  neighbourhood  of  any  point  T  of  R  agrees 
with  an  af f ine  rigid  mapping  g  .  Nov-r  two  af f ine  mappings  that 
coincide  in  an  open  set  coincide  everywhere.   It  follovjs  by 
continuation  that  f  coincides  with  the  same  affine  mapping  g 
in  a  neighbourhood  of  any  point  T'  of  R  that  can  be  Joined  to  T 
inside  R  by  a  polygonal  arc  with  a  finite  number  of  vertices. 
Since,  by  assumption,  R  is  an  open  connected  set  in  the  Banach 
space  B  it  is  possible  to  join  any  two  points  of  R  by  such  a 
polygon.   It  follows  that  f  coincides  throughout  R  with  the  same 
affine  rigid  mapping. 

6.   Mappings  of  ellipsoids. 

Theorem  II  gives  no  lower  bound  for  |f(y)-f(X)l  when  Y 
and  X  are  points  of  the  domain  of  f  whose  mutual  distance  is 
large  compared  to  their  distance  from  the  boundary  of  the  domain. 
There  will  then  be  no  ball  in  the  domain  containing  both  X  and  Y. 
In  some  cases  of  interest  one  can  then  still  make  use  of  the 
following  theorem: 

Theorem  IV. 


Define  in  Banach  space  B  the  ellipsoid  of  revolution  E^y 
with  foci  X,Y  and  eccentricity  k  b]£^ 

(6.1)  eJ^Y  =  (Z:  |X-Xl  +  |Z-Y|  <  ^|Y-Xl) 

where  k  <  1.   Let  f  be  (m,M) -isometric  in  R.   Then 


1.   In  case  B  is  a  Hilbert  space  theorem  II  can  be  deduced  from 
theorem  IV  by  elementary  geometry,  as  will  be  shown  in  the  sequel, 
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(6.2)  m|Y-X|  1  |f(Y)-f(X)  1  M|Y-X| 

for  any  two  points  X,Y  for  which  the  ellipsoid  E^y  with  foci  X,Y 
and  eccentricity 

(6.3)  k  =  g 
is  contained  In   R. 


Proof: 

Since  the  ellipsoid  E^y  contains  the  convex  hull  of  its 
foci  X,Y  we  conclude  inmiediately  from  lemma  I  that 

lf(Y)-f(X)|  S  MlY-X|  . 

It  remains  to  prove 

(6.4)  m|Y-X|  1  |f(Y)-f(X)| 

under  the  assumption  that  R  contains  the  ellipsoid  E^y  for 
k  =  m/M.   It  is  sufficient  to  prove  (6.4)  under  the  stronger 
assumption  that  R  contains  some  ellipsoid  E^y  with  k  <  m/M. 

Indeed,  if  R  contains  E^y  and  X',Y'  are  any  points  on  the  open 

k' 
segment  with  endpoints  X,Y  then  R  contains  some  E-j.,y,  with 

k'  <  k.   It  follows  then  from  the  weaker  statement  that 

mlY'-X' I  ^  lf(Y')-f(X' )1 

for  any  X',Y'  between  X  and  Y.   Prom  the  continuity  of  f  equation 
(6.4)  would  follow. 


1.   Proofs  of  this  theorem  for  the  case  of  euclidean  spaces  B 
and  b  were  given  by  the  author  in  [  4  ],  [  5  ]•   The  proof  had  to 
be  modified  for  general  Banach  spaces  for  lack  of  compactness. 
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1^ 
Assume  then  that  E^y  ^   ^  where  k  is  some  value  with 

(6.5)  1^  ^  M 

Then 

{G.(^)  |Z-X|  +  |Z-Y|  ^  ^-lY-Xl  >  MjY-Xl  for  Z  *r  R  . 

Consider  now  the  points 

X^  =  (l-A)X+7vY  for   0  S  A  S  1  . 

Then  X  =  X  ,  X,  =  Y  .   Let  for  0  ^  la  ^  1  the  arc  Y"   he 

o     '  1  "^  ^—^ 

defined  by 

Y_        =  (X^:  0  S  A  IpJ 

Put  X,  =  f(X^)  .  We  consider  the  star  s^  and  the  inverse  tZ 

o  o 


star  and  f~   for  the  inverse.   If  f{T~  )  lies  completely  in 


defined  in  that  star.   For  simplicity  ^^fe  Just  write  s  for  the 

the  star  s  then  by  p.  3. 
(6.7)  f-'(x^)  =  X^ 

Since  f~  is  (M"  ,m~  ) -isometric  in  s  it  follows  then  that 

lf-l(x^)-f-l(x^)|  Sm-l|K^-xJ  , 


that  is 


m|X  -X^l  i  |f(X  )-f(X^)l  . 

'p.   O'     '     10,     *  o  ' 


In  particular  if  f (^I  )  cr  s  we  would  have  for  (1  =  1 

mJY-Xl  %    lf(Y)-f(X)i 
which  is  just  the  statement  to  be  proved. 
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Hence  we  only  have  to  consider  the  case  where  f (y~  )  4^  s  , 
that  is  the  case  where  there  exist  A  with  0  ^  A  i  1  for  which 
x^  4^  s.   (See  Fig.  1.)   There  will  be  a  smallest  such  A,  say 
A  =  V  ,  since  s  is  open.   Equation  (6.7)  will  hold  for  0  =  [x  <  v . 
Since  x  does  not  belong  to  s  it  must  not  be  possible  to  continue 
f""*"  all  the  way  along  the  ray  from  x  to  x^  .  There  exists  then 
a  smallest  positive  all  such  that  the  point  z  =  x^'r  a{x^-x^) 
does  not  belong  to  s  .   Moreover  by  Cauchy's  test 

(6.8;  lim    f~^ix+7^{x-x))    =  Z 

A-^a-       ^       ° 

exists  and  is  a  boundary  point  of  R. 

For  M,  <  V  and  0  =  A  i  1  the  points  x  +A(x  -x  ))  lie  in  s, 
and  consequently 

(6.9a)    |f-^(x^+A(x^-x^))-f-^(x^)|  ^  m-^(l-A)lx^-x^l 

(6.9b)      !f^(x^+A(x^-x^))-f'^(x^)l  <m"^Alx^-x^l  . 

Here  f'-'-(x  )  =  X  ,  f"-'-(x  )  =  X  .   For  A  <  a  the  point 
^    \X  \1  '  '  o'     o 

X  +A(x  -X  )  belongs  to  s  and  f~   is  continuous  at  that  point. 
Letting  \x   tend  to  v  we  find  that  for  0  <  A  <  a 

(6.10a)     |f'^(xQ+A(x^-x^))-X^|  i  m'^(l-A)|xy-x^| 

(6.10b)       |f"^(x^+A(x^-x^))-X^|  <  m"^Alx^-x^|  . 

Hence  for  A-^a  by  (6.8) 

(6.11)    iZ-X^I  i  m"^(l-a)lxy-x^l  ,   |Z-X|  ^m"^alx^-x^l  . 
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Hence 


iZ-X|+lZ-X^l  i  m-^U^-x^l  =  m"^lf{X^)-f(X)|  iMm'^iX^-Xl. 


Consequently 

lZ-X|+|Z-Yi  1  iZ-X|+|Z-X^|  +  lX.^-Y|  ^  Mra"^|X^-X|+lXy-Y| 

S  Mm'-'-dXy-Xl+lX^-Yl  )  =  Mm'-'-lY-Xl 

which  contradicts  {6.6). 

II.  Mappings  between  Hilbert  spaces. 

7.   Elliptical  hulls. 

In  all  that  follows  we  shall  make  the  assumption  that  the 
spaces  B  and  b  are  Hilbert  spaces.   The  scalar  product  of  two 
elements  X,Y  of  the  same  space  will  be  denoted  by  X-Y,  so  that 
1x1   =  X-X.   Since  all  finite-dimensional  subspaces  of  a  Hilbert 
space  are  euclidean,  geometry  in  such  a  space  agrees  perfectly 
with  euclidean  intuition.   In  particular  ellipsoids  of  revolution 
Eyy  look  like  their  euclidean  counterparts  in  3>-space. 

Definition: 

Given  a  set  S  in  the  Hilbert  space  B  and  a  niAmber  k  <  1  we 
define  the  E  -hull  of  S  as  the  union  of  all  ellipsoids  with 
eccentricity  k  and  foci  in  S  . 

For  a  set  consisting  of  two  points  X,Y  the  E  -hull  is  Just 
the  ellipoid  E^y  • 


oor.oH 


il'ijpezao'j 


n'Jiw  ;  j..i:.rXo  Xlf?  'io  i.  'lo  X.' 

j^;/:,  ■■■"        :ii    Y  ■•: 


20 

Lemma  II: The  E  -hull  of  a  convex  set  S  of  diameter  d  is  con- 

tained  in  the  5d-neighbourhood  of  S^,  where. 


(7.1)  '  °  "2"  yt^ ' ' 

Proof:   Let  Z  be  a  point  of  the  E  -hull  of  the  convex  set  S. 
Then  there  exist  points  X,Y  in  S  such  that  Z  €.   E^^^  •  "^^^ 
Bd-neighbourhood  of  S  includes,  because  of  the  convexity  of  S, 
the  5d-neighbourhood  of  the  segment  with  endpoints  X,Y.   It  is 
sufficient  to  prove  that  Z  belongs  to  the  latter  neighbourhood. 
The  two-plane  through  X,Y,Z  intersects  E^^  ^^   ''^^®  area  bounded 
by  the  ordinary  ellipse  with  foci  X,Y  and  eccentricity  k.   Here 
26d  is  Just  the  minor  axis  of  the  ellipse.   It  is  sufficient  to 
prove  that  the  endpoints  of  the  minor  axis  of  an  ellipse  are  the 
points  on  the  ellipse  farthest  away  from  the  segment  that  has 
the  foci  as  endpoints.   (See  Fig.  2.)  This  is  easily  verified. 

Lemma  III:   The  E^-hull  of  the  ball  lX-X°|  <  p  is  the  ball 

lx-x°i  <  i  p  . 

Proof: 

We  first  show  that  the  E^-hull  of  the  ball  |X-X°|  <  p   is 
contained  in  the  ball  IX-X  |  '^  \  9  -       Let  X  and  Y  be  points 
satisfying  jX-X^j  <  p  ,    [Y-X^j  <  p  .   Vie  have  to  prove  that  for 
Z  £  Ey-y   the  inequality 

(7.2)  IZ-X^^I  <  i  p 

is  satisfied.   Let,  without  restriction  of  generality, 
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lY-X°l  1  lX-X°l.   There  will  exist  a  point  Y'  with 

|Y'-X°|  =  |X-X°1  such  that  Y  lies  on  the  segment  with  endpoints 

k     k 
X  and  Y'  .   Obviously  E.j.y  €  E^y,  .   It  is  sufficient  to  prove 

(7-2)  for  Z  £  E^Y'  *   Intersecting  with  the  3-plane  through  the 

four  points  X,Y',X°jZ  we  only  have  to  prove  the  following 

proposition:  In  euclidean  3--space  let  X  and  Y'  be  points  vjith 

(7o)  |X-X°1  =  |Y-X°|  =  A  <  p  . 

Let  Z  be  a  point  of  the  ellipsoid  with  foci  Xj,Y'  and 
eccentricity  k  .  Then 

(7.^)  |Z-X°|  <  I  P  . 

Inequality   (7.^)   viill  folloxv  if  we  can  prove 

(7.5)  1Z-X°|    ^  I  A    . 

There  is  now  a  smallest  sphere  about  X°  which  contains  the 
ellipsoid  with  foci  X,Y'  and  eccentricity  k.   Let  \i   be  the  radius 
of  that  sphere.   ¥e  want  to  show  that  p,  ^  t- A  .   The  sphere  of 
radius  p.  and  center  X°  vjill  touch  the  boundary  of  the  ellipsoid 
at  a  point  T.   Since  the  normals  of  ellipsoid  and  sphere  at  T 
coincide,  we  see  that  the  four  points  X,Y',T,X°  lie  in  the  same 
two  dimensional  plane.   In  this  plane  we  have  (see  Fig.  3)  an 
ellipse  with  foci  X,Y'  and  eccentricity  k  touching  a  circle  of 
radius  p.  and  center  X  from  the  inside.   Moreover  X  lies  on  the 
extended  minor  axis  of  the  ellipse  and  has  distance  A  from  the 
two  foci.   Elementary  geometry  shows  that  then  actually  l-"-  =  i^  ^  • 
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This  proves  that  the  E^-hull  of  the  ball  lX-X°|  <  p  is 
contained  in  the  ball  lX-X°|  ^  -^  P  '      '^'^e  still  have  to  show  that 
every  point  Z  with  |  Z-X  I  "^  j^  P  belongs  to  some  E^^  ^^^^ 
iX-X°l  <  p  ,     |Y-X°|  <  p  .   Take  for  X,Y  simply  the  points 

X  =  X°  +  a-(Z-X°)  ,   Y  =  X°  -  a-(Z-X°) 

where  or-k  is  positive  and  sufficiently  small. 

8.  Applications  to  quasi-isometric  mappings. 

Using  the  notion  of  elliptical  hull  we  can  trivially 
reformulate  theorem  IV  of  p.  15  in  the  following  way: 

Theorem  IV' . 


Let  f(X)  be  an  (m,M) -isometric  mapping  of  an  open  set  R 
in  the  space  B.   Let  S  be  a  subset  of  R  with  the  property  that 
for 
(8.1)  k  =  § 

the  E^-hull  of  S  lies  in  R.   Then  the  mapping  f  is  (m,M) -rigid 
in  S. 

If  now  B  is  a  Hilbert  space  we  draw  from  lemmas  II  and  III, 
p. 20,  immediately  the  following  consequences: 
Corollary  III: 

Let  R  be  a  convex  set  of  diameter  d  and  f(X)  an  (m,M)- 
isometric  mapping  of  R.   Let  S  be  the  convex  subset  of  R  con- 
sisting of  the  points  that  have  a  distance  from  the  boundary 


1.  That  b  also  is  a  Hilbert-space  is  not  used  here. 
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of  R  exceeding  the  value 


(8.2)  |\/(i)'-l  ^  •' 

Then  f  is  (m,M) -rigid  in  S.   (Observe  that  for  M/m  close  to  the 
value  1  the  set  S  is  almost  the  whole  of  R. ) 
Corollary  IV: 

An  (m,M) -isometric  mapping  of  a  ball  of  radius  p  is 
(m,M) -rigid  in  the  concentric  ball  of  radius 

(8.3)  ^P  . 

(This  is  of  course  the  previously  proved  theorem  II,  p.  10.) 
Quasi-isometric  mappings  are  one-one  in  the  small.  The 
question  arises  tinder  v;hat  cxrcumstances  one  can  be  sure  that 
they  are  also  one-one  in  the  large.   It  is  intuitively  obvious 
that  such  mappings  of  a  domain  R  will  be  more  likely  to  be  1-1 
if  R  is  not  too  longstretched  and  M/m  is  not  too  large.   We  will 
first  occupy  ourselves  with  the  case  where  R  is  a  ball. 

An  (m,M) -mapping  of  the  v;hole  space  is  necessarily  one-one, 
by  Corollary  I.   But  if  the  domain  of  the  mapping  is  only  a  ball 

of  finite   raxlius   the  mapping  need  not   be   one-one   if  M/m  is 

2 
sufficiently  large.   Thus  the  conformal  mapping  z  =  e  is  not 

one-one  in  the  disk  |Z|  <  iril+e)   v;here  e  is  any  positive  number. 

In  that  disk  the  mapping  is  (m^M) -isometric  with  ra  =  e        , 

,,         7r(l-i-e)  ,   , 

M  =  e    ^         '    ;,      and  hence 
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Even  for  smaller  values  of  M/m  the  mapping  does  not  have  to  be 

one-one  in  a  ball.   Consider  in  the  plane  the  mapping  of  the 

right  half -plane  that  takes  a  point  with  polar  coordinates  R,0 

(where  R  >  0^,  \j6\    <  ir/2)    into  the  point  with  polar  coordinates 

r,£i,    where  r  =  R,  d)  =-  (2+e)jZ$  ,  and  where  e  is  any  positive  number. 

It  is  clear  that  for  this  mapping  of  the  half -plane  m=l,  M  =  2+e  , 

and  hence 

(8. if)  ^   =  2+e 

*    '  m 

It  id  also  clear  that  this  mapping  of  the  half -plane  is  not  1-1. 
So  there  are  two  points  in  the  half-plsurie  with  the  same  image. 
We  can  always  find  a  circular  disk  in  the  half -plane  that  con- 
tains the  two  points.  We  have  then  a  quasi-isometric  mapping  of 
the  disk  with  (8.4)  that  is  not  1-1. 

Theorem  V. 

An  (m,M) -isometric  mapping  of  a  ball  in  Hilbert-space  B 
is  1-1  if 


(8-5)  i  <  \fW^    =1.27... 

More  precisely,  when  (8.5)  is  satisfied,  the  mapping  is  (|j,,M)- 
rigid  in  the  ball  with 


(8.6)  H  =  "i^-MVM^-m^ 


\JV^   -2 


m+  vM  -m 


Proof:   Let  f  be  the  (m,M) -isometric  mapping  of  a  ball  of 
radius  p  in  Hilbert-space.   Without  restriction  of  generality 
we  assume  that  the  center  of  the  ball  is  at  the  origin,  so  that 
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the  ball  is  given  by  |X|  <  p  .   Let  X,Y  be  any  two  distinct 
points  of  the  ball.   Then  for  0  ^  0  =  1  by  Lemma  I 

|f(Y)-f(X)|  ^  lf(eY)-f(0X)|-|f(Y)-f(eY)|-if(X)-f(0X)l 
^  |f(0Y)-f(0X)|-M(l-0)(lYl+|X| ) 

^  lf(0Y)-f(ex)|-2M(i-e)p  . 

Let  d  =  0lY-X|  be  the  distance  of  the  points  0X  and  0Y,  and  let 
k=m/M.  We  choose  0  in  such  a  way  that  both  the  points  X  and  Y 
have  distance  at  least 

(8.7)  k  v/^~"l"   d 


from  the  boundary  of  the  ball.   (See  Fig.  4.)   Since  the  ball 
is  convex  every  point  on  the  segment  with  endpoints  0X,  0Y  will 
then  at  least  have  that  distance  from  the  boundary  of  the  ball. 
It  follows  then  from  Corollary  III,  p. 22,  that  f  is  (m,M)-rigid  on 
the  segment  v;ith  endpoints  0X  and  0Y.  .  In  particular  it  follows 

^^^^  |f(0Y)-f(0X)l  ^  m0|Y-Xl  , 

and  hence  that 

(8.8)  if(Y)-f(X)|  ^  m0|Y-Xl -  2M(l-0)p  . 

The  distance  of  the  points  0X  and  0Y  from  the  boundary  of 
the  ball  is  at  least  (1-0 )p.   Thus  the  points  0X,  0Y  will  have 
a  distance  from  the  boundary  at  least  equal  to  the  expression 
(8.7),  and  (8.8)  will  hold,  if 


(l-0)p  >  k  \    K   -  1  9lY-X|  . 
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that  is  if 

(8.9)  0 

Then  by  (8.8) 


+  i{k-2-l)l/2lY-X| 


f(Y)-f(X)l  ^  n|Y-X| 


provided  that 


meiY-Xl-2M(l-0)p  ^  ii|Y-X1 


that  is 

-     m 


(8.n)  e  > 


Y-X 


Y-X 


+2M£ 
+2Mp  • 


We  can  always  find  a  Q   with  0  ^  0  1  1  satisfying  both  (8.9)  and 

(8.10)  if 

HP  +  ^-(k-2-l)l/2  lY.xl  <  mp  -  Mp  (k-2-l)^/2  _ 

Since  |Y-X|  <  2p  this  is  certainly  the  case  when 

^ft  ^^^                  M  -   Tn-M(k'^-l)^^^ 
(0.11)  [I    = T-rx-        ' 

H-(k-2-l)^/^ 

Since  here  k  =  m/M  this  value  of  \x   reduces  to  the  one  given  by 
(8.6).  Here  \x   is  positive^  and  consequently  the  mapping  is 
one-one,  when  (8.5)  holds. 

9.   Numerical  improvement  of  the  preceding  results. 

Obviously  there  exists  a  universal  constant  7  such  that  an 

(m,M) -mapping  of  a  ball  in  Hilbert-space  into  a  Hilbert-space  is 

one-one,  when  M/m  <  7  ,  but  need  not  be  one-one  when  M/m  >  7  • 

Here  by  {QA),    (8.5) 

1.27  <  7  S  2  . 


(0.3)   ',, 
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".  .t  f  t  f a  01    -0!  n  i  j")  -!  'J 97  q   '^  i '  t   1  o    , 


27 

We  can  narrovsr  down  the  bounds  on  7  ,     and  incidentally  sharpen 
theorem  II  by  proving  theorem  IV'  with  k  replaced  by  a  larger 
value  than  m/M.   In  contrast  to  the  developments  in  section  8 
v;e  shall  here  make  use  of  the  assumption  that  not  only  B  but 
also  b  are  Hilbertian. 
Theorem:  VI; 

Let  f  be  an  (m,M) -mapping  of  an  open  set  R  in  Hilbert-space  B 
into  Hilbert-space  b.   Let  S  be  a  subset  of  R  vJith  the  property 
that  for 


(5.1)  k=\/-   ^ 


2  -2 


the  E  -hull  of  S  lies  in  R.   Then  the  mapping  f  is  (m,M) -rigid 
in  S. 


Proof:   The  proof  is  a  modification  of  the  proof  of  theorem  IV. 
Again  it  is  sufficient  to  prove  that 

(9.2)  mlY-Xl  ^  if(Y)-f(X)| 

when  X  and  Y  are  any  two  points  for  which  E^y  C  R  for  some 
number  k  with 

(9.2a)  k  <  ,[■ 


2  -2 
1+M  ra  "^ 


Let  again  X,  =  (l-A)X+AY  and  x,  =  f{X^).   We  now  introduce  for 

(9.3)  0  1  a  ^  p  ^  1 

the  arcs  ^^^    by 

y    =  (X,  :   a  ^  A  1  3)  . 

—  ap     '^ 
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As  before  we  have  fZ    (Xp)  =  Xp  and 

X^   p      (3 

(9.^)  m|Xj3-X^|  1  |f(X.)-f(X^)i 

in  the  case  where  the  whole  arc  f(>~  )  lies  in  the  star  s„ 


a 


If  now  (9-2)  were  wrong  there  must  be  a, [3  satisfying  (9*3)  for 

which  the  arc  f{~    ^  )    is  not  completely  contained  in  Sv  •   Let 

—  cxp  X^ 

M-  =  inf  O-a)  for  the  a,^   with  these  properties.   It  is  easily 
seen  that  there  exist  a,p  with  ^-a=[i  ,     satisfying  (5o)  and 
such  that  Sv  does  not  contain  *>"   .  For  there  are  certainly 
sequences  of  values  a,P  satisfying  (So)  and  with  f(y~  ^  )  ct  s^ 

for  which  ^-a,^\i  .  For  suitable  subsequences  the  a,|3  have  limits, 

again  denoted  by  a.,^   for  which  ^-a=\x  .     For  the  limits  we  cannot 

have  fCy~   ^)  4:  s^  since  this  would  then  hold  also  for  all 
^P     X^ 

neighbouring  a.,^   because  the  stars  are  open,  sets.' 

Thus  the  incorrectness  of  (9'2)  leads  to  the  existence  of 
points  XqjXo  in  the  closed  segment  with  endpoints  X,y  ,  for 


v;hich  the  arc  f(y~  )  does  not  belong  to  s^  •   However 

aP  ^a 

f (X^)  C  s^  for  a  <  7  ^  A  <  P  .  Moreover  the  ellipsoid  with 

foci  X^jXg  and  eccentricity  k  given  by  (9.2a)  also  lies  in  R. 
\le   shall  prove  that  that  is  impossible.   Without  restriction  of 
generality  we  can  assume  that  a  =  0,  P  =1  ,  that  is  that  X  and 
Xo  are  the  original  points  X,Y.   We  arrive  then  at  points  X,Y 


with  Ey Y  ^  ^>     where  k  satisfies  (9.2a)  and  which  are  such  that 


(9-5)        x^  =  f(X^)  G  s^    for   0  ^  7  ^  A  <  1  , 
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(9.6)  x^  =  f(Y)  ^  s^ 

o 

Let  us  denote  by  p,  for  0  ^  A  ^  1  the  distance  of  the 

point  X,  from  the  boundary  of  R.   By  theorem  I  the  star  s^ 

A 
includes  the  ball  b^  (see  Fig.  5)  of  radius  m  p-^  and  center  x. 

In  that  ball  the  inverse  fy  (x)  is  surely  defined.   Let  the 
union  of  all  these  balls  be 


u 


r  =    V j  b, 

0$A<1    ^ 

If  x  is  a  point  common  to  two  of  these  balls,  say  x  €"  b,  , 

X  C  b  where  0  S  A  <  [j,  <  1  ,  then  f~"^(x)  =  fv"''(x)  .   For 
^  A         p, 

f  (y~  )  c  s,r  and  thus 

f;^(x  )  =  X   =  f"^(x  )  . 

t~     and  fv  are  both  defined  and  agree  at  x  ;  they  agree  then  at 

any  point  that  can  be  joined  to  x  by  a  segment  on  ^^fhich  both 

are  defined;  the  point  x  common  to  b,  and  b  was  just  such  a 

point.   Thus  the  various  functions  fv  (x)  for  0  ^  A  <  1  uniquely 

^A 

define  an  inverse  f~  (x)  in  the  set  r,  where 

^■^(^o)  =  f;'(^o)  =  ^o  • 
o 

As  indicated  by  (9 '6)  there  exists  an  a  with  0  <  a  i  1 

such  that 

Z  =   lim    fv'^(x  H-A(x, -X  )) 
A-.a-   ^o  °    1  ° 
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exists  and  is  a  boundary  point  of  R.   The  whole  closed  segment 

with  endpoints  x  and  z  =  x  +a(x^-x  )  cannot  belong  to  r  ; 

otherwise  f~  would  be  defined  along  the  segment  and  constitute 

a  continuation  of  f^  along  the  segment^  including  the  point 

^o 
X  +a{x, -X  );  but  by  assumption  such  a  continuation  does  not 

exist.   Thus  there  exists  a  [i   with  0  <  li,  ^  a  such  that 

t  =  x^  +ix(x^-x^)  ^  r  , 

that  is  such  that 

(9.7)  1Xq+ ix(x^-x^)  -x^l  S  mp^ 

for  0  =  A  <  1.   The  same  inequality  still  holds  for  A =  1  since 
both  x^^  and  p,  depend  continuously  on  A. 

We  have,    as  in   (6.11), 

IZ-X    i    i  m^^ajx, -X    |    ,       |Z-XJ    ^  m"-'-(l-a)  |  x, -x^l    . 
I  q1  'lo  1  lo 

Consequently 

(9.8)  ilY-X|  <  lz-xl  +  lz-Y|  =  |z-x^h-|z-x^l 

im'^|x^-x^| 


=  m"-'-(M,ix^-x^|+(l-|.L)lxj_-x^|  ) 


Now,  for  the  first  time,  we  make  use  of  the  fact  that  the 
space  b  is  a  Hilbert-space.  The  expression 

(x^-ni{x^-x^)-x^)  .  (x^-x^)  =  0^ 
is  positive  for  A  =  0  and  non-positive  for  A  =1,   There  exists 
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then  a  A  such  that  0  <  A  1  1  and  0-.    =  0.      For  that  A,  by  the 
theorem  of  Pythagoras, 

I  X  +LL  ( X,  -X  )  -  X,  1    =  I  X,  -X  1  ^  -  LL  I  X,  -X  i 

'ol   o    A'     'A   o'    H-i-L   qI 

o  p  o 

It  follows  from  (9-7),  (9-8)  that 

ijY-Xl  <  m-l(  \/lx^-xj2.n,2p^2  ^  ^y  |  x^_xj  ^  „  ^2p^2j 
Usin^  Lemma  1,  p.  7,  we  have  then 


(9-9)   ^|Y-X|  ^  m'^CV'M^A^lY-Xl^Vp,^   +  VM^(l-A)2|Y-Xi^-mV^) 


An  elementary  computation  shows  that  for 


X^  =  (l-A)X-i-AY   ,         0  1  A  =  1 


the  ball  of  radius 


\/U-2-i)A(l-A)    |Y-X| 


is  contained  in  the  ellipsoid  E^y  •   Hence 


p^  ^  \y(k"2-l)A(l-A)    |Y-X| 


It  follows  from  (9 -9)  that  there  exists  a  A  in  the  interval 
0  1  A  ^  1  for  which 


i  i  ra"^(  \/M^A^-m^(k"^-l)A(l-A)   +  \^M^(l-A)^-m^(k"2-l)A(l-A )  ) 
The  right-hand  side,  v;hich  is  a  concave  function  of  A  and  even 
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52 
in  A  -  p  ,    reaches  its  single  maximum  at  A  =  -p  .   It  follows 


1  <  ,.-1  ^/m2_2,,-2^ 


that 


This  however  contradicts  (9 •2a). 

Using  lemma  III,  P»22,  we  immediately  obtain  from  the  theorem 
just  proved  the  following  improvement  on  theorem  II,  p.  10: 

Corollary  VI:   Let  f  be  an  (m,M) -isometric  mapping  of  a  ball 
of  radius  p  in  Hilbert-space  B  into  Hilbert-space  b.   Then  f  is 
(m,M^ "-rigid  in  the  concentric  ball  of  radius  kp,  v/here  k  is 
given  by 


(9.10)  k  = 


y  l+M^m"^ 


Using  (8.11)  with  the  value  of  k  given  by  (9.2)  we  have 
the  following  improvement  on  theorem  V,  p. 24: 

Corollary  VII: 

An  (m,M) -isometric  mapping  of  a  ball  in  Hilbert-space  B 
into  a  Hilbert-space  b  is  1-1  if 

(9.11)  M  <  ^T=  1.41... 

More  precisely,    vjhen    (9.11)    is   satisfied,    the  mapping  is 
(p., M) -rigid  in  the  whole   ball  with 


(9.12)  M-  = 


n.2   _   ^  Jm^ 


TTTm^ 


Thus  the  bounds  for  the  universal  constant  7  defined  on  ji  26. 
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have  been  narrov;ed  down  to 

1.^11  <  7  =  2  . 

As  a  special  case  we  have: 
Corollary  VIII; 

A  conformal  mapping  of  a  circular  disk  given  by  an  analytic 
function  F(Z)  =  F(X+iY)  will  be  schlicht,  if  there  exist  con- 
stants iiijM  such  that  in  the  disk  everywhere 

in  ^  |F'  (Z)l  ^  M 
and  such  that 

^  <  v~- 

m    V 

10.  About  sets  that  are  quasi-isometrically  equivalent  to  balls. 

The  question  vjhen  two  sets  can  be  mapped  into  one  another 
by  a  quasi-isometric  mapping  suggests  itself  naturally.   We 
consider  in  particular  open  sets  R  in  Hilbert  space  B  for  which 
there  exists  quasi-isometric  mappings  which  map  R  one-one  onto 
a  ball  in  B. 

Each  quasl-isometric  mapping  f  with  domain  R  has  a  greatest 
m  and  smallest  M  for  which  it  is  (m,M) -isometric  in  R.   i-Je  call 
the  quantity 


(10.1)  k  =  \ /i  _  h! 


1.   Notice  that  the  mappings  are  required  to  be  one-one  for  the 
v;hole  of  R,  and  also  to  have  their  range  in  the  same  Hilbert 
space  B  that  contains  the  domain  of  the  mapping. 
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the  eccentricity  of  the  mapping  f  .   Multiplying  the  mapping 
function  f  by  a  constant  does  not  change  the  eccentricity  of  the 
mapping.   We  can  then  always  choose  the  constant  in  such  a  way 
that  for  the  resulting  "normalized"  mapping  the  relation  mM  =  1 
holds.   The  quantity  k  then  measures  the  non-isometric  character 
of  the  mapping.   Introducing  the  related  quantity 

(10.2)  e  =  (l-k^)-!/'*  =  \/f  -  1 

we  have  for  the  mappings  normalized  by  ml>l  =  1  the  relations 

(10.3)  rn  =  ^       ,  M  =  l+e  , 

and  £  can  be  considered  as  the  maximum  strain  of  the  mapping. 

Let  nov;  R  be  an  open  set  in  Hilbert-space  B.   Assume  that 
there  exist  one -one  quasi-isometric  mappings  of  R  onto  a  ball 
in  B.   We  define  the  eccentricity  of  the  set  R  as  the  greatest 
lower  bound  of  the  eccentricities  of  all  such  mappings.   The 
eccentricity  of  R  measures  in  a  sense  the  least  strain  sure  to 
be  generated  somewhere  in  deforming  R  into  a  ball.   Open  sets  R 
that  can  be  mapped  one-one  and  quasi -isometrically  into  balls 
v;ill  be  called,  for  short,  spheroids.  A  spheroid  then  is  a  set 
that  can  be  deformed  into  a  sphere  (or  rather  a  "ball") 
without  causing  infinite  strains.   Spheroids  have  an  eccentricity 
k  for  which  0  =  k  <  1  . 

The  definition  of  eccentricity  of  a  set  given  here  is 
reasonable  in  view  of  the  following  two  lemmas: 
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Leirjna  IV: 

A  set  of  eccentricity  0  is  a  ball. 
Lemma  V: 

For  an  ellipsoid  of  revolution  E„„  the  eccentricity,  as 
defined,  just  now^  coincides  with  the  eccentricity  k  in  the 
ordinary  meaning  of  the  vjord. 

Proof  of  lemma  IV. 

Consider  a  1-1  quasi-isometric  mapping  f  of  eccentricity  k 
of  the  open  set  R  onto  a  ball.   We  can  always  normalize  the 
mapping  in  such  a  way  that  the  center  X  of  the  ball  coincides 
with  its  pre-image  and  such  that  mM=l  for  the  mapping.   Let  the 
ball  be  IX-X  1  <  p  .   The  inverse  f~  also  is  a  1-1  quasi- 
isometric  mapping  of  the  ball  onto  R,  and  with  the  same  m,M.   By 
theorem  I,  p. 9,  and  lemma  I,  p. 7,  the  set  R  will  contain  the  ball 
JX-X  i  <  mp  and  be  contained  in  the  ball  |X-X  i  <  Mp,  where 
m,M  are  related  to  k  by  (10.2).   For  a  different  mapping  f  of 
eccentricity  k'  of  R  onto  a  ball  we  obtain  similarly  after 
normalization  that  R  is  contained  in  the  ball  |X-X'|  <  M'p'  and 
contains  the  ball  |X-X'|  <  m'p'.   It  follows  that 

IX  -X' I  +  m'p'  1  M  0 ,   |X  -X' I  +  mp  <  M'p' .   Hence 
'oo      '-''oo'     "^     ' 

I      j  ^  MM' -mm'   ,  ^ 
'  o  o'      m    ^ 

It  follows  that  for  k-^-O  the  centers  X  and  radii  p  converge, 
and  that  R  is  a  ball. 
Proof  of  lemma  V. 

The  points  X,Y  are  the  foci  of  the  ellipsoid  £„„•   We  can 
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use  these  points  to  introduce  "cylindrical  coordinates".   For 

any  point  Z  we  put 

(10.5)  Z  =  ^  +  Z^  +  Zg 


where  Z-,  is  proportional  to  Y-X  and  Z^  is  orthogona,l  to  Y-X. 
The  ellipsoid  E^y  that  had  been  defined  by 

(10.6)  IZ-Xl  +  iZ-Yl  <  |iY-Xl 

then  has  the  "equation" 


2 1  „  I  2  ,   k^   1  „  i  2  .  1 ,  „  ,.  I  2 


(10.7)        k'^lzJ"  +  -^  IZ5I   <  riY-X| 
We  apply  the  linear  mapping 


(10.8)   f (z)  =  f (^+  z  +  z  )  =  2^  +  z,  +  -^  Zg 

Which  transforms  the  ellipsoid  (10. 7)  into  the  ball 

|f(Z)  -  ^i  <  ^  iY-X|  , 

and  moreover  is  1-1  and  (m,M) -isometric  with  m=l,  M  = 


and  thus  of  eccentricity  k  . 


\/w? 


In  order  to  prove  that  there  is  no  mapping  with  eccentricity 

less  than  k  taking  E^^y  into  a  ball  we  consider  such  a  mapping 

y 
taking  YTj^   into  the  ball  of  radius  1.   The  inverse  mapping  will 

be  (m,M) -isometric  with  certain  m,M.   By  Theorem  I,  p.  9^  and 

Lemma  I,  p.  7,  the  ellipsoid  E^y  contains  a  ball  of  radius  m  and 

is  contained  in  a  ball  of  radius  M;  hence  its  minor  axis  is  at 


/     2-2 
least  2m,  its  major  axis  at  most  2M.  Consequently  k  =yl-m  M 

which  was  to  be  proved. 


;  o  .  o'j. 


:) 
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Figure  6.       Plane  spheroid. 


Figure  7 


Plane  non- spheroid. 
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Spheroids  can  be  rather  complicated  looking  sets.   Figure  6 
illustrates  the  plane  set  obtained  from  the  circle  with  the 
equation  r  =  2  cos  9   in  polar  coordinates  by  the  mapping 

^r,o)        ^1,    V      2  log  2  ^ 
This  spheroid  has  a  pointed  end  bounded,  in  the  limit,  by  two 
logarithmic  spirals. 

An  obvious  necessary  condition  for  a  set  R  to  be  a  spheroid 
is  that  R  is  bounded,  since  there  has  to  exist  a  uniformly 
Lips'hitz  continuous  mapping  of  a  ball  onto  R.   Less  obvious  is 
the  fact  that  the  boundary  points  of  a  spheroid  can  be  at  worst 
"conical"  in  the  sense  of  the  following  theorem: 

Theorem  VII. 

Let  R  be  a  spheroid  of  eccentricity  k.   Let  for  any  Y  in  R 
the  distance  of  Y  from  the  boundary  of  R  be  denoted  by  p(Y)  . 
Then  for  every  boundary  point  X  of  R 


(10.9)  lim^   f^^  ^  \/l-k^  >  0  . 

Y£  R 

This  shov/s  that  regions  with  a  sharp  point  (as  in  Figure  7) 

cannot  be  spheroids. 

Proof:   Let  f  be  an  (m,M) -isometric  one-one  mapping  of  the  open 

set  R  onto  a  ball  of  radius  r  and  center  z.   If  X  is  a  boundary 

point  of  R  v«e  can  find  points  X  e  R  for  v;hich  lim  X^  =  X.   Put 

n-$>oo 

x^  =  f(X^)»  so  that  \x^-  z\    <   r. 

For  any  y  v;ith  ly-zj  <  r  the  inverse  Y  =  f~  (y)  is  defined, 
and  lies  in  R.   Moreover,  since  f   is  (M~  ,m   ) -isometric  in 


.3:^  ol  bojj3 


nso 


,-t- 


;)•'  1  - 


■'-Hi 


ax 
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the  ball  we  have  by  lemma  1,   p.  7^  that 
(10.10)  p(Y)  >   ^(r-  |y-z|  )  .  ^• 


M 

Now 

P(X„)  i   |x„-xl 

since  X  is  a  boundary  point.   Hence  by  (10.10) 

r-  U'^-zl  ^  MlX^-X|  . 

It   follov/s   that 

(10.11)  lim      ix   -z|    =   r  . 

n-'OD 

Introduce  nov;  the  points 

y   =  z+  (1-lX  -X|^/2)(j:  -z) 
Clearly  jy  -z|  <  r  for  all  sufficiently  large  n.  Put  for  those  n 

\  =  f"'(yn)- 

Then,  by  lemma  I ,  p.  7 

(10.12)  lY^-Xl  <  lY^-X^!  +  IX^-Xl  ^  lly^-x^i  +  |X^-X| 

-  m|X-X|l/2 

=  ^lyn-nl(l^       |x%|  ) 

whereas  by   (10.10) 

p(Y^)    ^l(r-iy^-zl)    >   l(lx^-zi-  bvzi)    =^iy^-x^l   • 
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It  follows  that 


and  thus,  by  (10.11) 


lim 


P(YJ 


n    >  !Ti 


jY  -XI   =  M  • 
n-*oo  '  n   ' 


Since  also  by  (10.12) 


1  TT 


lim   lY^-Xi   1  ^lim   ly^-xj 
n^oo  n->OD 


we  have 


=     -  lim      IX  -X|^/^|x   -z|    =  0   , 
111  V,    ^       n  '    n      '  ' 

n-3>co 


lim     Y„    =   X 
nH>oo 


and  have  proved  that 


Yi>x   lY-XI   =  M  ' 
YG  R 


since 


V 1-k   is  the  supremum  of  all  m/M  we  have  proved  (10.9) 


Theorem  VIII. 

Let  R  be  a  bounded  open  set  in  Hilbert-space  B.   Let  R 
contain  a  ball  from  each  point  of  which  R  appears  star-shaped; 
(that  is  every  point  of  R  can  be  joined  to  every  point  of  the 
ball  by  a  line  segment  in  R) .   Then  R  is  a  spheroid.   In  par^ 
ticular:  every  bounded  open  convex  set  is  a  spheroid. 
Proof: 

Assume,  without  restriction  of  generality,  that  R  appears 


J:.:a-T    t 


Ycf 


/    -,. \ 


■■£' 
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star-shaped  from  all  points  of  the  ball  |xl  <  a  .  Since  R  is 
bounded  there  vJill  exist  a  concentric  ball  [Xj  <  b  v;hich  con- 
tains all  of  R  . 

R  is  star-shaped  from  the  origin  and  boimded.   Vie  can  then 
describe  R  completely  by  the  non-negative  scalar  function  t> 
defined  by 

(lO.lpa)        J25(X)  =  (  sup  A  )'^   for  X  ;^  0 

AXGR 

(10.15b)  JZ5(0)  =  0  . 

This  function  is  homogeneous  of  degree  1  : 

0(iaX)  =  !x;2$(X)   for  ix  >  0  . 

The  points  X  of  R  are  precisely  those   for  v/hich 

(10.14)  0(X)    <     1    . 

The  obvious  candidate  for  a  mapping  of  R  onto  the  unit  ball 
is  the  mapping  given  by  the  expression 

(10.15)  X  =  f(X)  =  ^^ttlx  for  X  ^  0  ,    f(0)  -  0. 

Which  is  linear  along  each  ray  from  the  origin.   Using  (10.14) 
we  see  immediately  that  f  maps  R  one-one  onto  the  ball  lx|  <  1. 
The  assiomption  that  R  contains  the  ba.ll  of  radius  a  about  0  and 
is  contained  in  tne  ball  of  radius  b  about  0  yields  the 
inequalities 

(10.16)  ^ixl  1  0(X)  ^  \\\\ 


al 


II.^c!   orict'  "io 


Xf.-c! 


li       iw      -- —.i      Ui.l^--J 


(dU  >0l] 


ax 
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To  make  sure  that  f  is  a  regular  mapping  we  need  only  show  that  f 
and  its  inverse  f~  are  continuous.   It  suffices  to  show  that  the 
function  jJ5(X)  is  continuous.   For  then  f(X)  is  continuous  by 
(10.15) J  (10.16),  and  similarly  f~  continuous  since 

(10.17)  X  =^  f"^(x)  =  -^^iyx   for  x^O,   f"^(0)=0. 

We  shall  prove  that  jZ5  is  even  Lipschitz  continuous. 

The  assumption  that  R  is  star-sha.ped  from  any  point  X  in 
the  ball  |xj  <  a  implies  that 

(10.18)  0{{l-9)X-reY)    <    1      for   0  ^  e  ^  1  ,  |X|  <  a,  j2$(Y)  <  1  . 
(See  Fig.  8)   Let  now  Y  be  any  point  v;ith  0{Y)    <   1   and  let  Z  be 


arbitrary.      For  any  9  xvith 


0  <  e  <        ^' 


.Z|  +  a 
we  have 

AppljAing    (10.18)   with  X  =  0Z/(l-0)    we   find   that 

1  >  0(0z+eY)  =  Ojdiz+Y)  . 

For  0  -^  a/(  1  Z| -i-a)  we  find  that  generally 

J25(Z+Y)  ^  1  +  ^IZl   for  0{Y)    <   1   . 
Replacing  Y  and  Z  by  AY  and  AZ  we  have  then  that 

Aj^(Z+Y)  ^  1  +  -iz!   for  A  ^  0,  AjZ5(Y)  <  1 

a 

For  A--*'1/0(Y)  this  yields  the  inequality'- 


4la 


Figure   8, 
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a 


provided  Y  /^  0.   But  this  inequality  also  holds  for  Y  =  0  by 
(10. l6).   Putting  Z+Y  =  X,  and  also  considering  the  same  in- 
equality v;ith  X  and  Y  interchanged  we  conclude  that  the  function 
j^  satisfies  the  Lipschitz  condition 


(10.19) 

0{Y)  -  JZ5(X)      ^  -lY-X      . 
a 

Since   also 

lim 
Y^X 

Y  ~^Y-   X 

"■^x              V  -1 

Y-X 

we  find  for  the  function  f  given  by  (10.15),  using  (10. lb),  that 

(10.20)  M=li^     i^^f)-;[^)i   <   2 

y— >x      I x-A|        a 


Similarly  v;e  have 


I  y  {  y  -  1  >:  1  x    |      _ 


y-i>X  1/    ^1 


yi>^     Ty^^  '  M7T  '  WJT 


lim 


0{y)-0{x)\     <         1 


0^ix)      y-*x  l^-^l  ai252(x) 

Hence   by   (10.17),    (10. l6) 

If^(y)-f"^(x)l 


^   '-     yi^x  iy-l 


<      2UI     ^        Ixj^        ,      ,,   ^      b^ 


FH^ 


+    -^ ^     2b  + 

a0^(x) 


a 


h3 


It  follows  that  the  mapping  f  is  quasi-isometric  with 

2 


(10.21)  M  <  iabj;^ 

m       ^^ 

and,  hence,  that  R  is  a  spheroid  of  eccentricity 


(10.22)  k  S  \/l  -      ^ 


M2ab  +  b^)^  . 


11.   Stiffness  of  sets. 

Let  R  be  an  open  set  and  X,Y  two  distinct  points  of  R.   For 
given  m, M  with  0  <  m  ^  M  <  oo  we  consider  the  class  of  all  (m,M)- 
isometric  mappings  f  of  R  and  define 

(11.1)  M' (m,M,R,X,Y)  =  sup   -^^^ffj^— 

(11.2)  m'(m,M,R,X,Y)  =  inf    ^^^fy-xP^^   * 

It  is  clear  that  m'  and  M'  are  homogeneous  of  first  degree  in 
m,M,  since  on  replacing  f(X)  by  Af(X)  i\rith  a  positive  A  the 
quantities  m,M  are  just  replaced  by  Am, AM  .   Any  special  (m,M)- 
isoraetric  mapping  f  of  R  furnishes  a  lov/er  bound  on  M  and  an 
upper  bound  on  ra.   Using  the  linear  mappings  f (X)  =  MX  re- 
spectively f (X)  =  mX  we  see  in  particular  that 

(11.5)      ra'(ni,M,R,X,Y)  $m,  M"  (m,M,R,X,Y)  ^M. 

If  R  is  convex  v;e  have  by  lemma  I  that  M' (m,M,R,X,  Y)  =  M  .   More 
generally  the  quantity  M' (m,M,R,X, Y)  is  always  finite,  if  R  is 
connected.   For  then  there  are  polygonal  arcs  connecting  X  and  Y; 


.-.iCjJ*, 


ki\r 


since  the  length  of  each  side  of  such  an  arc  is  increased  at 
most  M-fold  by  the  mapping  we   have 

(11.4)  M'(m,M,R,X,Y)  1   ^^f^-xf^'  ^ 

where  L(R,X,Y)  is  the  infinum  of  the  lengths  of  all  polygonal 
arcs  connecting  the  points  X  and  Y  inside  R.   By  Theorem  VI, 
p.  27/  we  also  have  m'  (m,M,  X,Y)  =  m  if  R  contains,  the  ellipsoid 
E^  with  k  given  by  (9-1). 

Since  m'  and  M'  are  homogeneous  in  m,M  the  ratio  M'/W 
depends  only  on  M/m  and  R,X,Y.   We  put  again 

(11.5a)  I  =   {1+ef    . 

We  can  define  then  a  quantity  e'  by  M'A^'  =  (1+e'  )  ,  that  is 


ni  ^hl       P'fr  R  X  y^  -  ,/ M'(m,M,R3X,Y)   _  .  • 
(11.5b)       e  fF,R,X,Y)  -  y  m'(m,M,R,X,Y)     ^    ' 

We  now  define  the  stiffness  of  the  set  R  with  respect  to  the 
points  X,Y  by 

(11.6)  s(e.R,X,Y)  =7iTkJ,X,Y) 

Here  £'(e,R,X,Y)  is  a  measure  for  the  greatest  relative  change 
in  distance  of  the  points  X,Y  that  can  be  obtained  by  quasi- 
isometric  deformations  of  R  without  causing  strains  exceeding  e 
somev/here  in  R.   By  (11. p)  we  have  always 

(11.7)  0  <   s(e,R,X,Y)  ^  1  . 

Since  the  restriction  of  an  (m,M) -isometric  mapping  to  an  open 
subset  of  R  is  again  (m,M) -isometric,  we  see  that  stiffness  can 


\  - 


only  increase  with  increasing  R  ;  more  precisely  we  have 
(11.8)      s{e,R,X,Y)  1  s{e,R*,X,Y)   for   R  c:  R*  . 

By  Theorem  VI,  p.  27,  we  have  s{e,R,X,Y)  =  1  if  R  contains 
XY 


the  ellipsoid  E^^  vrith  foci  X,Y  and  eccentricity 


I ^ 

(11.9)  K=\j—f—-r      . 

V  l+{l+£) ' 

This  implies  in  particular  that  a  convex  open  set  R  will  have 
stiffness  1  v/ith  respect  to  tv/o  given  points  X,Y  in  it  for  all  e 
that  are  sufficiently  small.   The  assumption  of  convexity  is 
essential.   Take  for  example  the  plane  referred  to  polar  coordi- 
nates r,0  and  slit  along  the  ray  0  =  t^-  .   In  the  resulting  open 
set  R  characterized  by  r  >  0  ,  -tt  <  9  <  ir  we  consider  the  mapping 

(11.10)  (r,0)->(r,(l+e)"0)  , 


where  e  is  a  positive  number.   Clearly  for  this  quasi-isometric 
mapping  of  R  we  have  m=  1,  M  =  (l+e)~  ,  and  M/m  =  (l+e)   in 
agreement  v;ith  (11.5a).   Consider  now  a  point 


X  =  (r,e)   with   I  <  e  <  TT 

and  take  for  Y  the  symmetric  point 

Y  =  (r,  -9)  . 

Then  for  e  sufficiently  small 

lY-X!  =  2r  sin  9  ,  tf(Y)-f(X)|  =  2r  sin  (l+e)^9 
Hence 

m'(m,M,R.X,Y)  ^  '^""An'"/'      ' 


)z   5    ( 
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Since  also  M' (ra,M,R,X,  Y)  ^  M,  we  have 

m    m  M•pt^2_     M'(m.M,R,X,Y)      >      (l-i-e)^   sin  9 

^11-11^  ^1-^    ^      -     irr[li,M,R7x;Yr     =     "sin   {i-^e)% 


Hence 


=     1+2(1  -  e   cot  0)£  +  O(e^) 


e'  ^  (1-  e  cot  e)  E  +  o(£^) 


and  consequentljA 

(11.12)  li]^        s(£,R,X,Y)      1     i-Q^ot  e      "   ^ 

e->0 

since  cot  0  <  0  by  assumption  on  the  point  X.   Since  stiffness 
increases  v;ith  set  R  the  inequality  (11.12)  still  holds  for  the 
same  points  X,Y  and  any  open  set  R  that  contains  X,Y  and  is  con- 
tained in  the  slit  plane  used  previously.   (See  Fig.  8.) 

We  define  now  a  stiffness  depending  only  on  the  region  R 
and  on  e  by 

(11.15)  s(£,R)  =  inf     s(£,R,X,Y)  . 

X,Y£R 

If  R  is  the  whole  space  we  have  s(e,R)  =  1  for  all  £  =  0  by 
Corollary  I,  p.  11.  But  for  general  regions  this  cannot  be  expected. 
To  see  this  we  take  again  the  mapping  (11.10),  but  this  time 
applied  to  the  open  half -plane  1 0  j  <  Tr/2  .      We  take  again  two 
symmetric  points  X  =  (r,0)  and  Y  =  {r,-d),   v;here  now  0   is  some 
value  with  0  <  9  <  Tr/2  .  We  find  as  before  the  inequality  (11.11) 
for  £'(£,R,X,Y).   Since  here  6,    depending  on  the  choice  of  X,  is 
any  number  betv/een  0  and  Tr/2  ,    we  have  for  0— >7r/2 

inf    (H-£')^S  ^-^^^ 


X,Y£R  sin  5(l+e)^ 


(y. 


I) 


oT 
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Figure  9* 


£^ 


^7 


and  hence 

(ll.li[)       s(e,R)  < 


(1+e)  sin-1/2  [|(l+e)2]_i 


=  !-?-£+  O(e^) 


In  particular  we  find  that  the  stiffness  s(e,R)  is  zero  for 
e  =  /i" -  1  ;  for  strains  of  this  size  R  has  no  stiffness,  i.e. 
\ie   can  find  points  in  R  with  arbitrarily  large  relative  change 
in  distance. 

The  estimate  (11.14)  for  the  stiffness  of  the  region  R 
has  been  established  for  the  case  where  R  is  a  2-dimensional 
open  half -plane.   The  result  can  be  extended  immediately  to  the 
more  general  case  where  R  is  a  half-plane  in  Hilbert-space  of 
dimension  >  1.   Here  a  half -space  R  is  described  by  the  set  of  X 
satisfying  an  inequality  of  the  form  (X-X^)  •  Z  >  0  ,  where  Z  is 
a  fixed  non-vanishing  element  of  length  1  of  the  space.   For  the 
proof  we  only  have  to  provide  a  mapping  analogous  to  (1.10).   For 
this  purpose  we  select  a  unit-vector  T  orthogonal  to  Z.   In  the 
two-dimensional  plane 

(11.13)    X  =  X  +AZ+|xT    (A, [J.  arbitrary  real  numbers) 

v/e  introduce  polar  coordinates  r,d   by 

r  =  ^f}Jr^,       cos  0  =  ~  ,   sin  e  =  ^  . 


VJe  then  apply  the  transformation  taking  r,9   respectively  into 
r  and  (l+e)  9  ,   and  which  keeps  the  component  of  X-X  orthogonal 
to  Z  and  T  fixed.   The  resulting  transformation  is  (m,M) -isometric 


i; 


<'■• 


in  the  half-space,  with  in=  1,  M=  (l+e)  ,  and  all  previous  con- 
clusions apply.  As  a  matter  of  fact  the  estimate  (11.14)  for 
the  stiffness  of  R  holds  then  for  much  more  general  regions  R, 
namely  for  all  R  which  are  contained  in  a  half-space  and  contain 
a  ball  touching  the  boundary  of  the  half -space.   That  is,  we  have 
a  point  X  ,  a  unit  vector  Z  and  a  radius  p  such  that 
(X:  iX-X^-aZl  <  p  )CR  C  (X:  (X-X^)  •  Z  >  0  )  .   Introducing  polar 
coordinates  as  before  we  see  that  R  will  contain  pairs  of  points 
X,Y  in  the  two-dimensional  plane  (11.15)  v;hich  are  sionmetric  to 
the  axis  9=0  and  have  \9\    arbitrarily  close  to  Tr/2.   In  par- 
ticular the  estimate  (11.14)  applies  to  the  case  where  R  itself 
is  a  ball. 

Even  a  ball  then  will  have  no  stiffness  for  strains  as  large 
as  e  =  '72  -1  .   A  lower  bound  for  the  stiffness  of  a  ball  is 
supplied  by  Corollary  VII,  p. 52,  according  to  which 

m'  ^  M-  ,    M'  =  M 

with  p.  given  by  (9.12).   This  gives  the  estimate 


(l+eM 


2  ^   (l+e)^(l+\/|((l+e)^^-l)) 


l-(l-i-E)2  \/|((H-£)'^-l) 


This  results  for  very  small  e  in  a  very  poor  estimate  for  the 
stiffness: 

s(e,R)  i  ^J^+   0(e) 

which  will  be  improved  later. 
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12.      Stiffness   of  pins . 

Lernraa  VI: 

Let  f  be  an  (m>M)- isometric  mapping  of  a  ball 

(12.1)  iX-X^i  <  r 
vjhere 

(12.2)  I     =    (l+£)2 

Let  X^  ,Xp  be  tvjo  points  in  the  smaller  concentric  ball 

I X-X  1  <  (l+e)"  r  lying  on  opposite  radii;  that  is  for  the 

quantities 

(12.5)  A^  =  IX^-X^l  ,    i  =  1,2 


we  have 


A- Ap  rii^/v,  _p 


(12.4)  Xq  =    A,-!-A^    '      0  <  A.  <  (l+£)""r   fori  =  l,2. 

Put 

(12.5)  x^  =  f(X^)    for  i  =  0,l,2 

and  let  p   be  the  angle  of  the  triangle  with  vertices  x^,x^,x^ 
at  the  vertex  x  defined  to  have  a  value  with  0  ^  0  ^  tt  .       Then 

(12.6)  0  ^  TT  -    2ire     (  JA^/Ag     +    J  Ag/A^       ). 

(See  Fig.  10.   The  points  X^^X^jX^  are  collinear.   The 
angle  ir-  0   measures  the  deviation  from  collinearity  of  the  image 
points  x-,,x  ,Xp.   Formula  (12.6)  shovxs  that  for  sufficiently 
small  £  the  points  stay  approximately  collinear.) 


^/ 
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Figure   10. 
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Proof: 

Put 

(12.7)  a^  =  |x^-x^|    for  1=1,2. 

From  the  proof  of  Theorem  11,  p.  10,  it  is  apparent  that  we  have 

an  inverse  mapping  f"  (x)  =  f^  (x)  defined  throughout  the  ball 

o 

(12.8)  l^-^o'  '^     ^^ 
and  that 

(12.9)  Xj_  =  f"-'-(x^)    for  1=0,1,2. 

Clearly  the  J>   points  x  , x.,x^  are  distinct,  since  X^,X^,X2 
are  distinct.   If  0  =  ir  nothing  is  to  be  proved.   If  0  ^  0  <  tt 
there  is  defined  a  unique  ray  from  x  in  the  same  plane  as 
X  ,x-,,Xp  which  bisects  the  angle  0.      Let  x  be  that  point  of  the 
ray  for  which 

Ix-x^l  =  ^'a-^ag  . 

Then  x  satisfies  (12.8)  since  by  Theorem  II,  p.  10 

mA.  ^  a.  ^  MA. 
11     1 


and  thus  by  (12.M 


|x-x^|  S  M  > /a^A^  ^  M(l+£)"  r  =  mr 

Hence  f~  (x)  =  X  is  defined  and  satisfies  (12.1). 

At  least  one  of  the  supplementary  angles  X,,X^,X  and 
Xp,X  ,X  is  not  acute.   Let  it  be  the  first  one.   Then 

|x^-xj2+  lx-xj2  ^  ix^-xi^ 


Jt 


(v. SI 


z\  \ 


'XLI    =    •! 
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Consequently,  since  f"-^  is  (M"  , in" ■^) -isometric, 

^  M^tX-^-Xl^  =  U^\f~^{x^)-f'^{x)\^ 
S  4  1^1-^1^  =  (l+e)^x^-xl2 


It  follows  that 

'°'    2^     ^  2|x^-xJ     ix-xj 

<      (l+£)'^-l        l^i-^ol^+  I^-^qI^ 
(l+e)"^  21x^-XqI    Ix-x^l 

(14-6)^-1  [    r^    ^     /  f;2  *• 

1U^   \V    ^2  V    ^1 


<      (l^s^l         Ml  M2 

-        2(l+s)^      V    ^2  V    ^1 


Then 


/  ^1  /  ^2 


TT-jZJ  =  2(|  -|)    ^  TT  sin{|-|)     =  TT  cos  |i25    , 


which  implies  (12.6). 
Theorem  IX. 


Let  R  be  a  convex  open  set  containing  the  ball  |X-X  I  < 


a 


and  contained  in  the  concentric  ball  IX-X  |  <  P  .  Then  for  any  X 
in  R  we  have  the  estimate 


■'•!)     ■■'„'  -r       X  -  'V       ,-  ^_  rt  »■  r. 


..p-r 


i^Ltl'  .   i  J 


TVS     (S-^V 


52 

g2 
(12.10)  s(e,R,X  ,X)  ^  1  -  c  -^  e 

a 

for  the  stj.ffness  of  R  with  respect  to  X  .X  where  c  is  a 

universal  constant. 

The  theorem  applies  in  particular  to  "pins",  that  is  regions 

consisting  of  the  convex  hull  of  a  ball  IX-X  I  <  a  and  of  a 

point  Y  outside  the  ball  where  lY-X  |  =  P  .   For  strains  s  small 

compared  to  the  square  of  the  thickness-length  ratio  a/|3  the 

stiffness  of  the  pin  with  respect  to  the  "center"  X  and  "point" 

Y  is  near  1.   For  strains  of  the  order  a  /f>   the  stiffness  is 

essentially  diminished.  This  can  be  seen  from  the  example  of  the 

"pin"  R  in  the  complex  Z-plane  consisting  of  the  convex  hull  of 

the  disk  |Z|  <  a  and  of  the  point  Z  =  if-  .   lie  subject  it  to  the 

conformal  mapping 

^Za~^  log(l+e) 

z  =  ~ =   f(Z) 

a"-'-  log(l-i-£) 

which  is  (m,M) -isometric  in  the  pin  with 

m  =  r——     ,        M  =  1+e  . 

li-£ 

Let  X  be  the  origin  and  Y  the  point  corresponding  to  the  complex 

number  iP  .  Then  M'(m,M,R,X  ,Y)  =  M  =  1+e  because  of  the 

o 

convexity  of  R,  and 


m.(m,M,R,X  .Y)   i   l^'^^'-f'°' 

O  IP 


sin  [^  log  (  1+e)  ] 


1^  log  (1+e) 


3 )  a 


/  •■•. 
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Put 

2 

and  assume  that  e  <<  a/b  <<  1  . 

^,  ^   sin(M-  ^/!log(l+£))     1  _  1^2^  ^ 

-1/2,   /,,  V  o 

(IE    log(l+e) 


s(e,R,X^,Y)  =  !•-  1 


For  e  large  compared  to  a  /fS'^  the  stiffness  s  will  be  small. 

Proof  of  Theorem  IX.    (See  Fig.  11.) 
Let  X  be  a  point  of  R.   Then 

(12.11)  IX-X^l  <  P  . 

Let  f  be  an  (m,M) -isometric  mapping  of  R.   We  normalize  the 
mapping  in  such  a  v;ay  that 

(12.12)  m  =  -T^     ,        M  =  l+e  . 

l+£ 

Put 

(12.15)  q=  -iii^!^   . 

(l+e)^P+a 

Then 

(12.14)  i  ^  q  <  1 

since  0  <  a  l  p  .   We  introduce  the  sequence  of  points 

(12.15)  X,  =  q^X  +(l-q^)X   for   k=0, 1, 2,5,  .  •  • 

K        O 


...) 


Figure   11, 


;  -  •  .  ) 
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Let  also 

(12.16)  \'\^l-\'      \-    IZlJ 


(12.17)      x^  =  f(X^)  ,   z^  =  x^^^-  x^  ,   a^  =  Uj^l  . 

Since  R  is  convex  and  contains  the  point  X  as  well  as  the 
ball  of  radius  a  about  X  we  see  from  (12.15)  that  R  contains 
the  ball  of  radius  q  a  about  X,  as  well.   Moreover 

(I2.l8a)    A^_^  =  'Wl'  =  (q^"^-q^)|X-X^I  <  (^-Dq^P 

=   (l+e)~\^a 

(I2.l8b)      A^  =  iV\+ll  =  "^'Wll  ^  il+e)~^oS    ' 

It  follows  then  from  lemma  VI,  p.49jthat  the  smallest  non- 
negative  angle  betvreen  the  vectors  Z,  and  Z,  ,  does  not  exceed 

K        iv— J. 


the  value 


f   =  Z^£{q^^^+   q"^/^)  . 


Then  the  smallest  non-negative  angle  0,    between  Z  and  Z,  does 

Iv  OK. 

not  exceed  the  value  ]iip ,   as  follows  from  the  triangle  inequaltiy 

on  spheres. 

Now  X  =  lim  X,  ;   hence 
k-*-ao  '^ 

f(X)-f(X  )  =  lim  {f(X  )-f(X  )) 
k-*-oo 

<3D  00 

=  lim  (Xj^^-x  )  =  YZ  i^K+r^^K^  =  YZ  \ 

k-^co  k=0  k=0 


-  { 
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Consequently 

(f(X)-f(X    ))-z  ro_       z    -z 

CD  CO  ^       9      9 

■     =   ZZ  i^k'  ^°2  ^k  =   ^  l^kl^^-  i^^  ) 

k=0       ^  k=0  '^ 

^  1  ,2    .^  ,2 


=     ^—  ^k    ■     2^       2_  ^   aj 


k=0     '"  '-  k=0 

By  Theorem  1.1^   p.   10,   we  have,,   using   (I2.l8b) 


1+e     k  =     k  =   v---/'-k 

Hence 

^  oo  -,     p  CD        p 

|f(X)-f(X    )|    ^     ^1-  ZlAj,  -  |v/^(l+£)  Zli^  A 

■'•^  k=0  "^  k=0 


^      'X-X^l    -  i-^^  {H-£)(l-q)|X-X    I    ^  kV 


l+£    '  o'  2^      ^  -        .'.  o      j^^Q 


=  ^fl-2.V(l.e)2il±4^    iX-X^i 
^^^  V  (1-q)^    .'  ° 


Here   by   (12. l4),    (12.13) 


H-q  <  ^  ,      1-q  = ^     p- 

2  (l+e)2p+a  (l+e)^P 


AssxAine  also  for   the  moment   that   e  =  1   .      Then 

i3  o  p^ 


(l^,)2U±5ll     <      29 


(l-q)''  a^ 


It  follows  that 


56 


,  if{X)-f(X^) 

(12.19)     m' (Tr4- ,  1+e  ,  R,X^,X)  =  inf 


■1+e  '     '  ^"o''^'  -'f      ,   Ix-X 


o' 


-  1+e  ^^  '^  ""  ^     ^2   '    ' 


Assume  momentarily  that 

(12.20)                 e  < 

a 

2^7rP 

> 

then  by  (12.19) 

m'  >  T^  - 

1 

^^^   (H-£^Vs2pV2)2 


Since  also,  because  of  the  convexity  of  R, 

M'(y^  ,1+e  ,  R,X^,X)  =  M  =  1+e 

we  have 

'  a0_2  2,,2_-2 


e'(£,R,X^,X)  =  ^-11  (H-e)(l-i-2-^-7r^e'=^'^a-'^)  -1 

=  e(l+2^Vp2a-2(e+e2))  ^  e(l+2^Vl32a-2e) 
Thus,  finally,  under  the  assumption  (12.20) 


s(e,R,X^,X)  = 


o       e'(£,R.X^,X) 


-  ^  l-2^V^p^a"^e 


1+2  TT  p  a  "^e 


The  same  inequality  holds  trivially  for  e  >  a/2  ttP  .   Hence 


(12.10)  is  proved  v;ith  c  =  2^^^  . 


H 


:oeo 


)3    S     iv 
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13.   Stiffness  of  convex  regions. 

Theorem  X. 

Let  R  be  an  open  convex  set  containing  the  ball  IX-X  |  <  a 
and  contained  in  the  concentric  ball  IX-X^l  <  ^  .   Let  f  be  a 
(m,M) -isometric  mapping.   Then  for  any  points  X, ^X^  in  R 

g2  p      |f(X  )-f(X  )| 

(13.1)  m(l-3e-C  ^  e^)  ^  ,^  ^  ,     ^  M  , 

a"^  1-^2"  1' 

vjhere,  as  before,  e  is  defined  by  (l+e)   =  M/m  ,  and  v;here  C  is 
a  universal  constant 

Proof:   Of  course  only  the  left  hand  part  of  (13.I)  needs  proving, 
It  is  sufficient  to  prove  (13-1)  for  the  case  where 

(13.2)  IXg-X^l   ^  |P  . 


Let  indeed 

(13.2)  IXg-X^I  <  "I 

Introduce  the  point  (see  Fig.  12) 


(13.3)  X^  ■=  (1-0)X^+0X^  , 
where 

(15.^)  e  =  1  -  ^IXg-x^l  . 
2 

lies  between  —  and  1.   The  ball 

(13-5)  IX-X^l  <  (l-e)cx  =  a' 

lies  in  R,  since  R  is  convex  and  contains  the  ball  JX-X  I  <  a 


'■■'      \ 


-.ii:j       -) 


+  -.  T 


^  - .  u ; 


(:^.a) 


=    :-(' 
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Figure   12. 
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and  the  point  X,.   There  also  exists  a  positive   6  <  jXp-X, | 
such  that  the  balls 

(13.6)  IX-X^l  <  5   and    JX-X^I  <  0 

lie  in  R.   Let  R'  be  the  convex  hull  of  the  three  balls  (13.5) 
and  (13.6)  (defined  as  the  set  of  points 

where  Y-,,Yp,Y-  are  respectively  in  the  first,  second  and  third 
ball  and  the  A.  are  non-negative  numbers  of  sura  1.)   Then  R'  is 
a  convex  set  containing  the  points  X,,Xp.   Moreover,  R'  contains 
the  ball  (13 '5)  and  is  contained  in  the  concentric  ball 
jX-X^i  <  3'  ,  where 

P'  =  Max(a',  iX^-X^l  -l-  6,  IX^-X^i  +  6)  . 

Here 

a'  =  (l-e)a  =  ^|Xg-X^l  ^  lX2-X-^l 

|x^-x;|  =  (i-e)lx^-x^l  =  llx^-x^MXg-x^l  ^  jx^-x^l 
IXg-x;!  <  |x^-x;|  +  Ix^-x^l  <  2lx2-x^i  . 

Hence 

(13.6)  p'  i  2iX2-X^|  +  6  S  3|X2-X^|  , 


and 


g,   ^  ?|Xg-X,l  _  ^p 


a' 


(l-9)a     -^a 


If  now  (13.1)  had  been  established  under  the  assumption  (13.2) 


!  ,-X-- 


;:.?;:) 


A6vn 


.i~A, 


f  nx", 


^rf  (  . 
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we  could  apply  it  to  the  ma,pping  f  in  the  region  R'  and  the 
points  X-,,Xp  because  of  (15- 6).   It  would  follow  that 

|f(X„)-f(X  )|  0,2 

o2 
^  m(l-3e-9C  ^  e) 

which  is  the  inequality  to  be  proved,  only  with  C  replaced  by 
another  universal  constant  SC 

Let  us  assume  then  that  (15.2)  is  satisfied.   Theorem  IX 
already  permits  us  to  estimate  lf(Y)-f(X)|  if  at  least  one  of 
the  points  is  i-zell  inside  the  region  R.   We  shall  estimate 
|f (Xg)-f (X^) 1  by  proper  use  of  a  "baseline"  with  endpoints 
Y-,,Yp  some  distance  inside  R  from  which  we  can  survey  X,  and  Xp. 
(See  Fig.  13. ) 

We  define  the  quantity  m-  by 

(13.7)  1^  =  ^ 
and  introduce  the  auxiliary  points 

(13.8)  Y^  =  X^+  H(X^-X^)        for        i=l,2    . 


Put 


Then 


x^  =  f (X. )        and       y^  =  f(Y^)        for     i=l,2    . 


lf(Xp)-f(X,)l    =    Ixp-xJ    ^     --^ ^-^ 


pop 

Ug-y^l  +U^i-y2l  -i^'i'^i!  -!^2~^2' 
slyg-y^l 


.<) 


'x''' 
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Figure   13 • 
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Here,  because  of  the  convexity  of  R, 

(13.10)     Ix^-y^l^-H.Xg-Ygl^  =  U^{\X^-Y^\^+\X^-Y^\^) 

Since  R  is  convex  and  contains  the  ball  |X-X  |  <  a  and 

the  points  X,  ,Xp  ,  we  have  from  (15-8)  that  R  also  contains  the 
balls 

IX-Y^l    <    (l-l^)a  and        IX-Y^l    <    (l-ti)a    . 

Moreover 

iV\l      ,      iX,-Y,|t|Y^-Y^| 
(1-M.)a        -  (l-l-L)a 

(i-^i)ix.-xjf^ix.-xj     ^  p  ,  _p_    U,-x,J 

(1-M,)a  -  a    '    1-n  a 

*     (1    a^)    1    =    19! 

It  follows  then  from  (12.19)  that 

2 
Ix.-y^l  =  |f(X^)-f(Y^)|  ^  md-cr^e^  &_  )jx._Y^| 

where 

(15.12)  Of  =  25(l9)Tr  . 

Assume  momentarily  that 

(13.13)  ^^  I  -  I  • 


6l 


Hence 

1      I  2^1      1 2 


o 

=  ra^d-O-^e^  %)^  {|X^-Y^l2+lX2-Y2l^+2iX^-X2llY^-y2l) 

Moreover,  using  (13.2)  and  (13'7)> 

IX^-Y^l^+iXg-Ygl^  =  (l-p.)2(lx^-X^l2+|X2-X^|2) 
g  2(1-H)2f52  <  i8(l-ix)2|X2-X3_l2 


=  ||X2-X3_|  1Y2-Y3_1 


Formula  (l;;.9)  yields  then 


f(X^)-f(X, )|       2     p 
— ^ -i—  ^  ^(l-cr''e2pV2)2 


I X2-X^ 


3-^  (M2-m2(i-a2e2pV2)2 


=  ^^m  (l+£)-2(l-  a-VpV^)^  .  ^m  (l+£)2 


Using  assumption  (l:;.13)  we  have  then 

|f(X^)-f(X,  )1     -,-,       ,p  o  o  o     o  1        p 
-2 ^  ^  4^m(l-e)^(l-2tr2e2pS-2)    1  m(l+e)2 

^  ^im(l-2£)(l-2G-2e2pV2)  -  i  e^  _^m(l+e)2 

>  r.'i    12  .    11  rr2  2p2^-2x 
^  mvl  -  -^- £  -  -p- cr  £  p  a   ) 

^  m(l-3e-^.^cr2£2p2c^-2) 


O.L 
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This  inequality,  on  the  other  hand,  is  trivially  satisfied  when 


,re  ^  >  - 


a    2  ' 

In  this  way  we  have  established  (13.1)  generally,  taking 
for  C  the  constant 

(1^.14)         c  =  :^6rr2  ^  36-2^°.  (I97r)^ 

Corollary  IX. 

Let  R  be  a  convex  open  set  containing  a  ball  of  radius  a 
and  being  contained  in  a  concentric  ball  of  radius  P.   There 
exists  a  universal  constant  y   such  that  any  (m,M) -isometric 
mapping  of  R  with 

is  uni-valent  in  R  (that  is  constitutes  a  one-one  mapping  of  R) 

Proof: 

The  special  case  P/a  =  1,  corresponding  to  a  ball  R  ,  has  been 
settled  already  in  Corollary  VII,  p.  32,  by  showing  that  the 
mapping  is  uni-valent  for 

e  <  2^/^^-l  =  .18- ••  . 

The  general  case  follows  from  Theorem  X,  p.  57^  but  with  a 
considerable  poorer  constant.  We  only  have  to  take 

7  =  Min(^,  |c-l/2)  ^ 


1.   The  coefficient  3  for  the  term  with  e  is  chosen  only  for 
simplicity.  Any  number  >  2  could  be  arrived  at,  taking  M. 
sufficiently  close  to  1  anci  C  sufficiently  large. 


f     ^ 
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For  the  C  given  by  (13.14)  this  results  in  the  choice  of 
(15.16)  7  =  3;-^  . 

There  is  a  largest  constant  j   such  that   e^/a  <  7  implies 

uni-valence  of  the  mapping.   We  can  see  that  this  best  constant 

cannot  exceed  the  value  IOtt.   For  take  in  the  complex  Z-plane 

for  R  the  convex  hull  of  the  circle  |z|  <  a  and  of  the  two  points 
Z  =  ±iP  where  a  <  p.   Take  for  f  the  conformal  mapping  provided 
by  the  analytic  function 

^Za-^log(H-e) 

which  is  (m,M) -isometric  in  R  with  m  =  (H-e)"  ;,  M  =  H-e  .   The 

mapping  assigns  the  same  image  to  the  two  points 

Z  =  ±  TT  ia/log(l+e)  .   Thus  the  mapping  is  not  uni-valent  in  R 

when 

p  >     ^^^ 


logd+e) 


This  is  certainly  the  case  when  eP/a  >  IOtt  ,  for  then,  since 
also  P/a  >  1 , 

g  log(H-£)  ^  MaxdOTT  ^°s(^+g)  ,  logd+e)) 

^       lOgd+lOTT  )      >    TT      . 

Corollary  X. 

Let  R  be  an  open  convex  set  containing  a  ball  of  radius  a 
and  contained  in  a  concentric  ball  of  radius  P  .  Then  we  have 
for  the  stiffness  of  R  the  estimate 

1     6^ 
(15.17)  s(£,R)  ^  ^  -  c  i%  e 


qi±  = 


((3 


64 


where  c  is  a  universal  constant. 

(In  analogy  to  formula  (12.10)  one  may  conjecture  that  the 


an"c 
Proof 


constant  -x   in  (13-17)  can  really  be  replaced  by  1.) 


It  is  sufficient  to  prove  (I5.I7)  for  the  case  where 
(13.18)  ^  £  <  A 

with  any  fixed  positive  A;  the  inequality  (13-19)  follows  then 
without  the  restriction  (13.18)  if  we  replace  c  by  Max(c,c/A). 
By  (13.1) 

(13.1S)       (l.B')^=  ^  ^  "^^"^^ 

provided  the  denominator  on  the  right-hand  side  is  positive. 
This  is  certainly  the  case  if  (13.18)  holds  with  a  sufficiently 
small  A  ^  for  then  also  e  <  A  and 

3s  +  CP^a"^e^  <  yh-v^l?    . 

More  precisely  v;e  find  from  (13.19)  fo^  '^   sufficiently  small 
an  estimate  of  the  form 

l+2e'  ^  d+e')^  ^  l+^:e  +  OO^a'^e^) 
This  implies  immediately  the  desired  inequality 

s(e>R)  =  fr  ^  ^  -  O(P^a-^e)  . 
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